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Abstract

We use the q-theoretical investment model augmented with �nancial constraints to
analyze the e�ects of these constraints on risk and expected returns. We �nd that
�nancial constraints reduce�rm value and investment rates, and theseadversee�ects
are more important for small �rms and �rms in relative distress. More strikingly , we
also �nd that constrained �rms are less risky and earn lower expected returns than
unconstrained�rms, and that �nancial constraints aremorebinding in good times. Our
model helps resolve the anomalies regarding the empirical relations among �nancial
constraints, businesscycle, and expected returns.
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1 Introduction

We analyze theoretically the e�ects of �nancial constraints on risk and expected returns

using the neoclassicframework of optimal investment (e.g., Abel (1983); Abel and Eberly

(1994,1996)). Financial constraints areparsimoniouslymodeledasa dividend nonnegativity

constraint. Wesolve the model explicitly and examinethe determination of the shadow price

of external funds, risk, and expected return from state variablessuch as capital stock and

aggregateand �rm-sp eci�c productivit y shocks.

Our main �ndings are easyto summarize:

1. Financial constraints reduce�rms' market-to-book ratios and investment rates.

2. Financial constraints are more likely to be binding for �rms with small scale of

production and for �rms in relative distressor with lower �rm-sp eci�c productivit y.

Strikingly, the constraints are more likely to be binding when aggregateeconomic

conditions are relatively good.

3. Also strikingly, �nancially constrained �rms are less risky and earn lower expected

returns than unconstrained�rms. The magnitudeof thesee�ects on risk and expected

returns is inverselyrelated to both capital stock and �rm-sp eci�c productivit y, but is

relatively unrelated to aggregateeconomicconditions.

Our explicitly solved model provides rich insights into the economic mechanisms

underlying these results. Since �nancial constraints restrict the feasibleset of investment

choices,constrained�rms' market-to-book ratios and investment rates are lower than those

of unconstrained�rms. The magnitude of thesee�ects dependson to what extent �nancial

constraints arebinding, i.e., the shadow price of external �nance. The shadow price is in turn
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determinedby the gap betweenthe �rms' investment demandsand their internal funds. For

small �rms, their internal funds are low but investment rates are high becausethey invest

more and grow faster in the model. Thus small �rms are more constrained �nancially ,

consistent with the evidencein Gertler and Gilchrist (1994).

Productivit y shocks, both aggregateand �rm-sp eci�c, have two o�setting e�ects on the

shadow price of external funds. A positive shock raises the internal funds, decreasing

the shadow price, but the shock also raises investment demands, increasing the shadow

price. For �rm-sp eci�c shocks, the former forcedominates;thus �rms with low �rm-sp eci�c

productivit y are more likely to be constrained. However, for aggregateshocks, the latter

force dominates;thus �rms in boomsare more likely to be constrained.

Weshow that this asymmetricresponseof the shadow price of external fundsto aggregate

and �rm-sp eci�c shocks is driven by the stochastic discount factor.1 Aggregateshocks a�ect

the stochastic discount factor, but �rm-sp eci�c shocks do not. With time-varying discount

rates, aggregateshocks a�ect capital investment through two channels. In the presenceof

positive aggregateshocks, �rms will increaseinvestment becausetheir capital stocks become

moreproductive(the productivit y channel). Further, becausediscount ratesfall with positive

aggregateshocks, �rms' expected continuation values go up, stimulating investment even

further (the discount rate channel). In contrast, �rm-sp eci�c shocks impact investment only

through the productivit y channel. As a result, investment rates are much more sensitive to

aggregateshocks than to �rm-sp eci�c shocks.

Our results explain why partial equilibrium investment models cannot generate the

pattern of asymmetric response. Thesemodels routinely assumea constant discount rate,

1While time-varying expected return has been well established in asset pricing literature (e.g., Cochrane
(2001)), its implications for corporate investment seem to have been largely underexplored. One notable
exception is Lettau and Ludvigson (2002).
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implying that aggregateand �rm-sp eci�c shocks enter symmetrically into �rms' decisions.

In thesemodels, �rms are more constrained in bad times, just like �rms with lower �rm-

speci�c productivit y are more constrainedin our model. Our results also suggeststhat the

asymmetricresponseis likely to show up in generalequilibrium modelsbecausetheir implied

discount rates are linked to aggregateconsumptionand are thus stochastic. Indeed,Gomes,

Yaron, and Zhang(2003a)show that the implied shadow price of external funds is procyclical

in several general equilibrium models (e.g., Bernanke and Gertler (1989); Carlstrom and

Fuerst (1997); and Bernanke, Gertler, and Gilchrist (1999)).

What drivesour model's prediction that constrained�rms are lessrisky and earn lower

expectedreturns than unconstrained�rms? Firms are constrainedbecausetheir investment

demandsare higher than their internal funds. Investment demandsare in turn determined

by marginal q, the net present value of future cash
o w generatedby oneadditional unit of

capital discounted by �rms' expected returns. Informally, q can be viewed as the ratio of

future cash
o w divided by expected return; or equivalently, expected return equalsfuture

cash
o w divided by q. It follows that constrained�rms must have lower expected returns

than unconstrained�rms, because:(i) constrained�rms have lower internal funds relative

to q; and (ii) the level of internal funds is a good predictor of future cash
o w in view of the

persistenceof productivit y. This q-theoretical mechanism driving the negative correlation

betweenthe shadow price of external funds and expectedreturns is qualitativ ely similar to

that driving the negative correlation betweenq (or investment rate) and expectedreturns.2

The rest of the trip is organizedas follows. Section2 discussesour relative contribution

in context of the existing literature. Section 3 constructs the neoclassicmodel augmented

2Abel and Blanchard (1986), Cochrane (1991), and Lettau and Ludvigson (2002) document the negative
correlation between investment rate and stock returns at the aggregate level. Titman, Wei, and Xie (2003)
document the similar relationship at the firm level.
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with �nancial constraints. We present our results in Section4. Finally, Section5 concludes.

2 Link to the Literature

Several empirical studiessuggestthat the sizeand book-to-market e�ects could be driven by

a �nancial distressrisk factor (e.g., Fama and French (1992,1993,1996)). Intuitiv ely, small

and value �rms are more likely to end up in �nancial distress; if a recessioncomesalong,

these �rms are likely to do very poorly, so investorswould require higher returns to hold

their stocks. Consistent with this interpretation, Chan and Chen (1991) �nd that marginal

�rms with low production e�ciency and high �nancial leverageseemto drive the small �rm

e�ect. Thorbecke (1997) and Perez-Quirosand Timmermann (2000) �nd that small stock

returns are especially sensitive to recessionsand monetary policy shocks.

More recent studiesusing direct measuresof �nancial distress,as opposedto using size

and pro�tabilit y asproxies, report dissonant evidence.Altman (1993)shows that the bonds

of the most distressed�rms earn lower than averagesubsequent returns. Dichev (1998) and

Gri�n and Lemmon(2002)show that �rms with high distressor bankruptcy risk earn lower

returns on average,and suggestthat mispricing is the likely explanation for this evidence.

Using an index of �nancial constraints from Kaplan and Zingales(1997),Lamont, Polk, and

Saa-Requejo(2001) �nd that returns of �nancially constrained �rms are on averagelower

than thoseof unconstrained�rms, and the return dispersionbetweenthesetwo typesof �rms

is unrelated to businesscycles.However, usinga di�eren t index, Whited and Wu (2004)�nd

a positive and signi�cant risk premium for a �nancial constraints factor.

Thesecompeting explanationsare di�cult to evaluate without modelsthat explicitly tie

the �rm characteristicsof interest to risk and expectedreturns. Our model �lls this void. We

demonstratethat small �rms and �rms with relatively low productivit y are riskier and earn
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higher expected returns even within the model without �nancial constraints; thus �nancial

frictions arenot necessaryfor interpreting the evidencein Chan and Chen(1991),Thorbecke

(1997),and Perez-Quirosand Timmermann (2000). Further, we show that constrained�rms

are lessrisky and earn lower expected returns than unconstrained�rms in the model with

�nancial constraints; thusmispricing is not necessaryfor interpreting the low averagereturns

of constrained�rms.

Our results also challenge the conventional wisdom in the imperfect capital market

theories that �nancial constraints are more e�ectiv e in recessions. We are not the �rst

to make this point. As mentioned before,Gomes,Yaron, and Zhang (2003a)show that the

implied shadow price of external funds is in fact procyclical in the generalequilibrium models

of Bernanke and Gertler (1989) and Carlstrom and Fuerst (1997). Further, Gomes,Yaron,

and Zhang(2003b)useGMM to estimatethe stochastic investment Euler equation imposed

on stock returns and �nd evidencethat the shadow price of external funds exhibits strong

procyclical variation.3 Our contribution is to pinpoint exactly the role of the stochastic

discount factor in driving this counterintuitiv e result. Further, Gomeset al. (2003a,2003b)

do not discussconstrained�rms' risk and expectedreturns relative to thoseof unconstrained

�rms, becausetheseauthors model �nancial constraints at the aggregatelevel.

Other related papers include Dow, Gorton, and Krishnamurthy (2003), who construct a

generalequilibrium model with imperfectcorporate governanceto explain the term structure

of interest rates; their model alsoimplies that �nancial frictions are more important in good

economicconditions. Li (2003)examinesempirically the role of �nancial constraints on �rm-

level returns. Albuquerqueand Wang (2004) analyzethe e�ects of corporate governanceon

capital investment and assetprices. Our paper is alsorelated to the growing literature that

3Gomes, Yaron, and Zhang (2003b) parameterize their stochastic discount factor as a linear function of
aggregate investment return following Cochrane (1996).
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ties risk and expectedreturns to the economicfundamentals of �rms. Berk (1995) proposes

a direct mechanism linking sizeand book-to-market to expected returns. Jermann (1998)

and Kogan (2003)examinethe determinants of expectedreturns within generalequilibrium

production economies. Berk, Green, and Naik (1999) construct a dynamic real options

model in which assetsin place and growth options change in predictable ways, which in

turn imparts predictabilit y in the cross-sectionof returns. Carlson,Fisher, and Giammarino

(2003)emphasizethe importanceof operating leverage,and Cooper (2003)analyzesthe role

of �xed cost of capital adjustment in driving the book-to-market e�ect.

3 The Model

To analyzethe e�ects of �nancial constraints on risk and expected return, we incorporate

these constraints into the neoclassic investment model augmented with an exogenous

stochastic discount factor.

3.1 Environmen t

Production requiresoneinput, capital, kt , and is subject to both an aggregateshock, x t , and

an idiosyncratic shock, zt . The aggregateproductivit y shock hasa stationary and monotone

Markov transition function, denotedQx (x t+1jx t ), as follows:

x t+1 = x (1 � � x ) + � xx t + � x " x
t+1; (1)

where" x
t+1 is an i.i.d. standardnormal shock. The idiosyncratic productivit y shocks, denoted

zj t , areuncorrelatedacross�rms, indexedby j , and havea commonstationary and monotone

Markov transition function, denotedQz(zj t+1jzj t ), as follows:

zj t+1 = � zzj t + � z" z
j t+1; (2)
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where " z
j t+1 is an i.i.d. standard normal shock. " z

j t+1 and " z
it +1 are uncorrelated with each

other for any pair (i; j ) with i 6= j : Moreover, " x
t+1 is independent of " z

j t+1 for all j .

The production function is given by:

yj t = ex t +zj t k�
j t ; (3)

where 0 < � < 1 and yj t and kj t are the output and capital stock of �rm j at period t,

respectively. The production technology exhibits decreasing-return-to-scale.

Becauseof our focuson the assetpricing implications of �rm-lev el �nancial frictions, we

parameterizedirectly the stochastic discount factor. Speci�cally, we assume:

logmt+1 = log� + 
 t (x t � x t+1) (4)


 t = 
 0 + 
 1(x t � x) (5)

wheremt+1 denotesthe stochastic discount factor from time t to t + 1 and 1> � > 0, 
 0 > 0,

and 
 1 < 0 are constant parameters.

Eq. (4) can be consideredas a reduced-formrepresentation of the intertemporal rate of

substitution of a �ctitious representativ e consumer. To incorporate a time-varying price of

risk, we assumein Eq. (5) that 
 t is decreasingin aggregateeconomicconditions modeled

by the demeanedaggregateproductivit y x t � �x with 
 1 < 0. We remain agnosticabout the

preciseeconomicsourcesdriving the countercyclical price of risk.4

4Some possibilities include time-varying risk aversion in Campbell and Cochrane (1999); loss aversion in
Barberis, Huang, and Santos (2001); limited market participation in Guvenen (2003); countercyclical human
capital investment in Wei (2003); and countercyclical durable consumption in Lustig and Nieuwerburgh
(2003), Piazzessi, Schneider, and Tuzel (2003), and Yogo (2003). Lettau and Ludvigson (2001) implement
empirically a similar stochastic discount factor in cross-sectional asset pricing tests.
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3.2 Firm Value

Suppressthe �rm index j for notational simplicity. The pro�t function for an individual �rm

with capital stock kt , idiosyncratic productivit y zt , and aggregateproductivit y x t is:

� (kt ; zt ; x t ) = ex t +zt k�
t � f (6)

wheref denotesthe nonnegative �xed cost of production, which must be paid every period

by all the �rms in production. A positive �xed cost implies the existenceof �xed outside

opportunit y costsfor somescarceresources(e.g., manageriallabor) usedby the �rms.

Let v(kt ; zt ; x t ) denotethe market value of the �rm. The �rm's dynamic problem can be

stated as:

v(kt ; zt ; x t ) = max
kt +1 ;i t

f � (kt ; zt ; x t ) � i t � h(i t ; kt )+
ZZ

M t+1v(kt+1; zt+1; x t+1) Qz (dzt+1jzt ) Qx (dxt+1jx t )g (7)

subject to the capital accumulation rule:

kt+1 = i t + (1 � � )kt (8)

The �rst three terms on the right-hand sideof (7) re
ect current dividends, i.e., pro�t minus

investment expenditure i and adjustment cost h. The adjustment cost is assumedto be

symmetric and quadratic:

h(i t ; kt ) =
�
2

�
i t

kt

� 2

kt (9)

where� > 0 is the adjustment cost parameter.
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3.3 Dividend Nonnegativit y Constrain t

We model �nancial constraints parsimoniouslyas a dividend nonnegativity constraint:

dt � � (kt ; zt ; x t ) � i t � h(i t ; kt ) � 0 (10)

As in many previous studies (e.g., Whited (1992), Bond and Meghir (1994), and Moyen

(2003)), a lower bound on dividend payment is essential to modeling �nancial constraints

in a dynamic framework. Otherwise �rms can undo the e�ects of any other forms of

�nancial frictions by paying negative dividend, which is equivalent to costlessexternal equity

�nancing. Other modeling devicesof �nancial constraints exist in the literature (e.g., Stein

(2003)). We choosethe dividend constraint primarily to easethe comparisonwith previous

literature as well as for its simplicity. Given that we do not model many more realistic

featuresof �nancial frictions, we only focus on the qualitativ e, as opposedto quantitativ e,

implications of the dividend constraint on risk and expectedreturns.

Let � (kt ; zt ; x t ) denote the Lagrangemultiplier associated with the dividend constraint

(10). � can thus be interpreted as the shadow price of external funds. The higher � is, the

more �nancially constrainedthe �rm will be. Using a similar characterization in Christiano

and Fisher (2000), we show in Appendix A that:

� (kt ; zt ; x t ) =
vk(kt ; zt ; x t )

dk(kt ; kt+1(kt ; zt ; x t ); zt ; x t )
� 1 (11)

wherevk and dk denotethe �rst-order derivativesof �rm value and dividend with respect to

capital stock, respectively.

The interpretation of Eq. (11) is straightforward. First, all elsebeing equal, �rms with

highervk (i.e., marginal q) aremorelikely to beconstrained.This is intuitiv e,since�rms with
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higher marginal q have higher investment demand, and hencehigher demand for external

funds. Second,all elsebeing equal, �rms whoseone additional unit of capital can generate

more dividend (i.e., dk is higher) are less �nancially constrained. This is again intuitiv e,

sincehigher internal funds alleviate the needfor external �nance.

3.4 Risk and Exp ected Return

Rewriting the valuefunction (7) at the optimum gives: vj t = dj t+Et [mt+1vj t+1] or equivalently

1 = Et [mt+1r j t+1] (12)

wherethe stock return r j t+1 is de�ned as:5

r j t+1 � vj t+1=(vj t � dj t ) (13)

We can further rewrite Eq. (12) as the well-known beta-pricing form following Cochrane

(2001):

Et [r j t+1] = r f t + � j t � mt (14)

wherer f t is the real interest rate from period t to t+ 1. The amount of risk is de�ned by:

� j t � � Covt [r j t+1; mt+1]=Vart [mt+1] (15)

and the price of risk is given by

� mt � Vart [mt+1]=Et [mt+1] (16)

5Note that v(kj t ; zj t ; x t ) is the cum-dividend firm value in that it is measured before dividend is paid
out. Define ve

j t � vj t � dj t to be the ex-dividend firm value, then r j t+1 reduces to the usual definition
r j t+1 =(ve

j t+1 + dj t+1)=ve
j t .

11



4 Findings

Sinceclosed-formsolutions are generallynot available for this classof dynamic investment

models,wecalibrate the parametersandsolvethe modelnumerically. Section4.1presents the

results on value and policy functions, and Section4.2 presents the results on the multiplier,

risk, andexpectedreturns. Wediscussthe intuition driving our resultsin Section4.3. Results

from extensive sensitivity experiments are reported in Section4.4.

Calibration of an economicmodel involvesrestricting someparametervaluesexogenously

and setting others to replicate a benchmark data set as a model solution (e.g., Dawkins,

Srinivasan,and Whalley (2001)). Oncethe model is calibrated and solved, we can useit to

assessthe e�ects of an unobservable changein parameter values. The model solution then

predicts the way in which the economy is likely to respond to the change,while the previous

solution servesas the referencepoint.

Table 1 summarizesthe key parameter values in the model. Our calibration largely

follows that of Zhang (2003). Brie
y , all model parametersare calibrated at the monthly

frequencyto be consistent with the convention in the empirical literature. The parameter

valuesof capital share� , depreciationrate � , and persistence� x and conditional volatilit y � x

of aggregateproductivit y are standard in many previousstudies. The parameters� ; 
 0, and


 1 are set to match the averageSharpe ratio and the meanand volatilit y of real interest rate

implied by the stochastic discount factor. The calibration of the remaining four parameters

has relatively lessguidancefrom previous literature, but we conduct extensive sensitivity

analysisby perturbing their values. Appendix B contains the details of the calibration and

Appendix C describesthe value function iteration technique usedto solve the model.
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4.1 Value and Policy Functions

Figure 1 plots the Tobin's Q (market-to-book ratio) (v=k)u, investment rate (i=k)u, and

dividend rate (d=k)u for unconstrained �rms. Figure 1 also plots the di�erences in these

variables4 (v=k), 4 (i=k), and 4 (d=k) betweenconstrainedand unconstrained�rms, de�ned

as the variablesof constrained�rms minus thoseof unconstrained�rms. Sincethere are in

total three state variables(i.e., capital stock k, aggregateproductivit y x, and idiosyncratic

productivit y z), we �rst plot in PanelsA{F the variablesas functions of capital stock k and

idiosyncratic productivit y z, while �xing aggregateproductivit y x at its long run average

level �x. Each panel from A to F has �v e curvescorresponding to �v e valuesof z with the

arrow in the panelsindicating the direction along which z increases.We then plot in Panels

G{L the variablesasfunctions of capital stock k and x, while �xing z at its long run average

level �z= 0. Each panel from G to L hasthree curvescorresponding to three valuesof x with

the arrow in the panelsindicating the direction along which x increases.

Several patterns emergefrom Figure 1. We �rst considerthe behavior of unconstrained

�rms reported by the �rst and third rows of panels. PanelsA and G show that Tobin's Q

increasesin both idiosyncratic productivit y z and aggregateproductivit y x. Moreover, small

�rms have high market-to-book ratios relative to large�rms whensizeis measuredby capital

stock k. Similar to Tobin's Q, investment rate alsodecreasesin capital stock and increasesin

both productivit y levels,asshown in PanelsB and H. From PanelsC and I, dividend rate has

a non-monotonicrelation with capital stock. Very small �rms typically pay lower and even

negative dividends, indicating that these�rms rely heavily on external funds to �nance their

high investment rates. Of course,�rms do not pay negative dividends in practice; we simply

usenegative dividends asa modeling devicefor external equity in the unconstrainedmodel.

Dividend rates approach certain steady levels as capital stock k becomeslarge. PanelsC

13



and I alsoshow that dividend rate increasesin idiosyncratic productivit y z but decreasesin

aggregateproductivit y x. This result indicates that in good times when x is relatively high,

�rms rely more on external equity to �nance investment.

How do �nancial constraints a�ect �rm value and policy functions? The secondand

fourth rows of panelsin Figure 1 plot the di�erence in market-to-book, investment rate, and

dividend rate, de�ned as constrained �rms' variables minus those of unconstrained �rms.

From PanelsD and J, the market-to-book ratios of the constrainedmodel are always lower

than thoseof the unconstrained�rms. This is intuitiv e,sincethe dividend constraint imposes

restrictions on the feasiblesetof capital accumulation choices.The magnitudeof the adverse

e�ect on �rm valuedecreasesmonotonically in capital stock k and idiosyncratic productivit y

z, but increasesin aggregateproductivit y x. Thus, smallerand lesspro�table �rms aremore

likely to be constrained,especially in relatively good aggregateeconomicconditions.

From PanelsE and K, �nancial constraints reducethe investment rates of constrained

�rms relative to those of unconstrained�rms. This is again intuitiv e, becauseconstrained

�rms cannot �nance adequatelytheir investment demandsand are forced to reducedtheir

investment rates. The magnitude of the adversee�ect on investment rate again decreases

monotonically in capital stock k and �rm-sp eci�c productivit y z, but increasesin aggregate

productivit y x. Similar pattern shows up in dividend rates as well. Panel F shows that the

di�erence in dividend rates betweenconstrainedand unconstrained�rms is higher for �rms

with lower idiosyncratic productivit y z, indicating that these �rms are more constrained.

Similarly, Panel L shows that the di�erence in dividend rates is higher when aggregate

productivit y x is higher, suggestingthat constraints are more binding in good times.

In sum, our model predicts that �nancial constraints reduce�rm value and investment

rates, and the magnitude of thesee�ects decreasesmonotonically in the scaleof production
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k and �rm-sp eci�c productivit y z, but increasesin aggregateeconomiccondition x.

4.2 Multiplier, Risk, and Exp ected Excess Return

This subsectioninvestigateshow the multiplier associated with the dividend constraint, risk,

and expectedreturn are determinedby the state variablesin the model. The multiplier is of

particular interest, becauseit can be interpreted as the shadow price of external funds that

measuresdirectly the degreeof �nancial constraints.

Figure 2 plots the multiplier � for constrained�rms, risk � u and expectedexcessreturn

eu for unconstrained�rms, as well as their di�erences 4 � and 4 e calculated as those of

constrained�rms minus thoseof unconstrained�rms. From PanelsA and F, the multiplier

decreasesin capital stock k and �rm-sp eci�c productivit y z, but increasesin aggregate

productivit y x. Therefore, consistent with our results from Figure 1, �nancial constraints

are more likely to be binding for small �rms, less pro�table �rms, and when aggregate

economicconditions are relatively good.

From PanelsB and D, the risk and expectedexcessreturn of unconstrained�rms decrease

in both capital stock k and �rm-sp eci�c pro�tabilit y z: small �rms and lessproductive �rms

areriskier and earnhigher expectedreturns. From PanelsC and E, the risk of unconstrained

�rms increaseswith aggregateproductivit y x, but their expectedexcessreturn decreaseswith

x. This seeminglyinconsistent result can be reconciledby noting that the price of risk, � mt

de�ned in Eq. (16) is countercyclical. (Figure 3 reports that the price of risk and aggregate

productivit y x are inverselyrelated.) Intuitiv ely, in good times when x is high, the amount

of risk is alsohigh; however, the price of risk is low, which givesrise to a low expectedexcess

return. The opposite is true in bad times.

Strikingly, Panels G and I report that constrained �rms are lessrisky and earn lower
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expected returns than unconstrained �rms! Further, the magnitude of the di�erence in

risk and expected return betweenconstrainedand unconstrained�rms is inversely related

to capital stock and �rm-sp eci�c productivit y. Finally, From Panels H and J, the e�ects

of �nancial constraints on risk and expected return are not related to aggregateeconomic

conditions.

4.3 Discussion

Why are �nancial constraints more likely to be binding whenaggregateproductivit y is high,

but when �rm-sp eci�c productivit y is low? In other words, why does the shadow price

of external funds respond negatively to �rm-sp eci�c productivit y shocks but positively to

aggregateshocks? Why are constrained�rms lessrisky and earn lower expected returns in

our model? We provide someintuition here.

The driving force of the shadow price responding asymmetrically to �rm-sp eci�c and

aggregateshocks is the stochastic discount factor which dependson aggregateshocks, but

not on �rm-sp eci�c shocks. Intuitiv ely, to what extent �nancial constraints are binding

dependson the gap between the �rms' investment demandsand internal funds. A higher

gap meansthat �rms are more constrained�nancially .

Productivit y shocks have two o�setting e�ects on the �nancial gap. A positive shock

raisesinternal funds and reducesthe gap, but it alsoraisesinvestment demandsand thereby

increasesthe gap. For �rm-sp eci�c shocks, the �rst channel dominates; thus �rms with

higher idiosyncratic productivit y are less likely to be constrained. The samee�ects also

apply for aggregateshocks. However, aggregateshocks a�ect investment demandsthrough

an additional channel,becauseaggregateshocks enter the stochastic discount factor asin Eq.

(4). For example,when there is a positive aggregateshock, �rms will increaseinvestment
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demandsthrough the usual cash
o w channelsincetheir capital stocks are moreproductive.

In addition, a positive aggregateshock leadsto a lower discount rate, 1=mt+1, which in turn

increasesthe expected continuation value, Et [mt+1vj t+1], and stimulates real investment

demandsfurther. The incremental investment demandsexceedthe incremental internal

funds generatedby the positive aggregateshock, thereby increasingthe �nancial gap and

the shadow price of external funds.

As a corollary, the discount rate channelon investment demandsshoulddisappearwithout

the stochastic discount factor. In this case,the asymmetric responseof the shadow price

of external funds to aggregateand �rm-sp eci�c shocks should disappear as well. This is

indeed what happens in the model. Figure 4 reports Tobin's Q, investment rate, and the

multiplier as functions of the state variablesin the model with constant discount factor, i.e.,


 0 = 
 1 = 0.6 Without stochastic discount factor, �rm value and investment rates are much

lesssensitive to aggregateshocks than the benchmark case.To make the sensitivitiesvisible

in the �gure, we increase� x from .007/3 to 0.025when constructing Figure 4.

From Panels A and F in Figure 4, the multiplier now responds negatively to both

aggregateshocks and �rm-sp eci�c shocks. From Panels G and H, the adverse e�ects

of �nancial constraints on Tobin's Q decreasewith both aggregate and �rm-sp eci�c

productivit y. The sameconclusionholds for the e�ects on investment rates, as shown in

PanelsI and J. This is intuitiv e: with constant discount factor, aggregateand �rm-sp eci�c

shocks enter �rms' value-maximization problem symmetrically. As a result, just like �rms

with low idiosyncratic productivit y are more constrained,�rms are more constrainedwhen

aggregateproductivit y is low. In sum, the stochastic discount factor is the driving force of

the pattern that constraints are more binding in good times in the benchmark model.

6To keep the average real interest rate around 2% per annum, we change � from 0.994 to 0.9985. Leaving
� unchanged does not affect the qualitative predictions of the model.
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Why are constrained�rms lessrisky and their expected returns lower? The intuition is

simple in our model. The shadow price of external funds increaseswith �rms' investment

demandsrelative to their internal funds. Investment demandsare in turn determined by

marginal q, the net present value of future cash 
o w generatedby one additional unit of

capital discounted by �rms' expected returns. In other words, the shadow price increases

with marginal q relative to internal funds. Informally, q can be viewed as the ratio of future

cash
o w divided by expected return. It follows that the shadow price must be negatively

correlatedwith expectedreturn becausethe amount of internal funds is a good predictor of

future cash
o w given the persistenceof productivit y processesin the model.

An equivalent way to seethe intuition is to recognizethat expectedreturn is basicallythe

ratio of future cash
o w divided by marginal q. Sinceconstrained�rms have lower internal

funds relative to q, these�rms must have lower expectedreturns than unconstrained�rms.

(We again treat internal funds as a good predictor of future cash
o w.) This q-theoretical

mechanism driving the negative correlation betweenthe shadow price of external funds and

expected returns is qualitativ ely similar to that driving the negative correlation betweenq

or investment rate and expected returns that is well documented in the data (seefootnote

2.)

4.4 Robustness

Our results so far are obtained under the benchmark parametrization. This is unavoidable

sinceclosed-formsolutionsare not available for this classof dynamic investment models. In

this subsection,weconductextensivecomparativestatic experiments to check the robustness

of our main results. In general,our basicconclusionsare unchanged.

We focus our robustnesschecks on parameters that are calibrated with only limited
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guidance from prior studies. Becauseof the general consensusconcerning the numerical

values for capital share, depreciation, and the persistenceand conditional volatilit y of

aggregateproductivit y, we do not report comparative statics on these parameters. For

the three parametersof the stochastic discount factor, � , 
 0, and 
 1, becausethey are tied

down tightly by aggregatereturn moments (and are not directly related to �rm-lev el return

moments that are the focus of our study), we do not report comparative statics results by

varying theseparameterseither. Finally, the results from perturbing conditional volatilit y of

the �rm-sp eci�c productivit y � z are similar to thosefrom perturbing its persistence� z; thus

we only report the results from changing � z for brevity. In sum, we report the comparative

static resultsfor the following six experiments: low adjustment cost(� = 10); high adjustment

cost (� = 20); low �rm-sp eci�c productivit y shock (� = 0:075); high �rm-sp eci�c productivit y

shock (� z = 0:125); low �xed cost (f = 0:025); and high �xed cost (f = 0:03).

Figures 5{8 report the results on the multiplier, risk, and expected return under these

alternative parameter values. (The results on the market-to-book ratios, investment rates,

and dividend rates are also similar to those in the benchmark case. Theseresults are not

reported for brevity but they are available upon request.) These�gures show that our basic

conclusionsobtained under the benchmark parametrization are unchanged.

5 Conclusion

We analyze the e�ects of �nancial constraints on risk and expected return within the

neoclassicframework of optimal investment augmented with a stochastic discount factor.

Financial constraints are modeled parsimoniously as a dividend nonnegativity constraint.

We �nd that �nancial constraints reduce�rm value and investment rates, and thesee�ects

are more important for small �rms and �rms with low relative pro�tabilit y. Strikingly, we
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also�nd that �nancial constraints are more likely to be important whenaggregateeconomic

conditions are relatively good, and that constrained �rms are less risky and earn lower

expected returns than unconstrained�rms. Our theoretical �ndings are broadly consistent

with available evidenceon the empirical relations among �nancial constraints, business

cycles,and stock returns.
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A The Multiplier

Our characterization of the multiplier in Eq.(11) adapts a similar formulation in Christiano
and Fisher (2000)who analyzethe onesectorgrowth model in which investment irreversible
constraints are occasionallybind.

Let variableswith prime be variablesat time t+ 1 and variableswithout prime be those
at time t. Then the �rm's problem is given by:

v(k; z; x) = max
k′

�
d(k; k′; z; x) +

ZZ
M (x; x ′)v(k′; z′; x′) Qz (dz′jz′) Qx (dx′jx)g

�
(17)

The dividend constraint is then:
d(k; k′; z; x) � 0 (18)

Let � (k; z; x) denotethe multiplier associated with the dividend constraint. The optimalit y
condition is then:

[k′] : dk′(k; k′; z; x)+
ZZ

M (x; x ′)vk′(k′; z′; x′) Qz (dz′jz′) Qx (dx′jx)+ � (k; z; x)dk′(k; k′; z; x) = 0

(19)
Let k′ 2 f k1; k2; :::; kmg and A(k; z; x) = f k1; k2; :::; kmg \ f k′ : d(k; k′; z; x) � 0g. Let the
decisionrule vector:

G(:; z; x) 2 arg max
k′∈A (k;z;x)

f d(k; k′; z; x) +
ZZ

M (x; x ′)v(k′; z′; x′) Qz (dz′jz′) Qx (dx′jx)g (20)

so the optimal �rm value is:

v(k; z; x) = d(k; G(k; z; x); z; x) +
ZZ

M (x; x ′)v(G(k; z; x); z′; x′) Qz (dz′jz′) Qx (dx′jx) (21)

Note that the term � (k; z; x)d(k; G(k; z; x); z; x) = 0 due to the Kuhn-Tucker condition.

Di�eren tiating w.r.t. k at the optimal value of the �rm gives:

vk(k; z; x) = dk(k; G(k; z; x); z; x) + dG(k; G(k; z; x); z; x)Gk(k; z; x)

+
ZZ

M (x; x ′)vG(G(k; z; x); z′; x′)Gk(k; z; x) Qz (dz′jz) Qx (dx′jx)

+ � k(k; z; x)d(k; G(k; z; x); z; x)

+ � (k; z; x)[dk(k; G(k; z; x); z; x) + dG(k; G(k; z; x); z; x)Gk(k; z; x)]

Rearrangingterms

vk(k; z; x) = dk(k; G(k; z; x); z; x) + Gk(k; z; x)f dG(k; G(k; z; x); z; x)

+
ZZ

M (x; x ′)vG(G(k; z; x); z′; x′)Qz (dz′jz′) Qx (dx′jx)

+ � (k; z; x)dG(k; G(k; z; x); z; x)g + � (k; z; x)dk(k; G(k; z; x); z; x)

+ � k(k; z; x)d(k; G(k; z; x); z; x)
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wherethe term factorized by Gk(k; z; x) is zero from the �rst-order condition (19), and the
last term on the right hand side is zero from the Kuhn-Tucker theorem. Thus we obtain an
envelop condition

vk(k; z; x) = dk(k; G(k; z; x); z; x) + � (k; z; x)dk(k; G(k; z; x); z; x) (22)

from which we obtain a simple expressionfor the multiplier

� (k; z; x) =
vk(k; z; x)

dk(k; G(k; z; x); z; x)
� 1 (23)

B Calibration

The capital share� is set to be 30%. The monthly rate of depreciation,� , is set to be 0.01,
which implies an annual rate of 12%. The persistenceof aggregateproductivit y process,� x ,
is set to be 0:951=3 = 0:983, and its conditional volatilit y, � x , 0:007=3 = 0:0023. With the
�rst-order autoregressive speci�cation for x t in Eq. (1), thesemonthly valuescorrespond to
0.95and 0.007at the quarterly frequency, respectively.

The three parametersgoverning the SDF, � , 
 0, and 
 1, can be tied down by its implied
aggregatereturn moments. Eqs.(4) and (5) imply that the real interest rate r f t and the
maximum Sharpe ratio St can be written as, respectively: r f t = 1=Et [mt+1] = 1

� e−� m −
1
2 � 2

m

andSt = � t [mt+1]=Et [mt+1] =
p

e� 2
m (e� 2

m � 1)=e� 2
m =2 where� m � [
 0+ 
 1(x t � �x)](1� � x )(x t � �x)

and � m � � x [
 0+ 
 1(x t � �x)]. Wethuschoose� , 
 0, and 
 1 to match: (i) averageSharperatio;
(ii) averagereal interest rate; and (iii) the volatilit y of real interest rate. This procedure
yields � = 0:994, 
 0 = 50, and 
 1 = � 1000,and they deliver an averageSharpe ratio of 0.41,
an averagereal interest rate of 2.2%per annum, and an annual volatilit y of real interest rate
of 2.9%. Thesemoments are reasonablycloseto those in the data. Importantly, a 
 0 of 50
doesnot necessarilyimply extremerisk aversion,nor doesa 
 1 of -1000.

The rest of the parametersare calibrated as follows. First, � can be interpreted as the
adjustment time of the capital stock given one unit changein marginal q. We choose� to
be 15 months, corresponding to the averageempirical estimatesreported in the literature.
Second,to calibrate the persistencelevel � z and conditional volatilit y � z of the idiosyncratic
productivit y (Eq. (2)), we set � z = 0:96 and � z = 0:10. We choosethese values to obtain
an averageannual cross-sectionalvolatilit y of individual stock returns of 27%. Finally, we
calibrate the �xed cost of production f to be 0.0275.Sincetheseparametersare calibrated
with only limited guidancefrom empirical literature, weperform extensivecomparativestatic
experiments to check the robustnessof our main resultswhenvarying theseparameters.We
refer readersto Zhang (2003) for detailed referenceson previousempirical and quantitativ e
studiesthat are usedto motivate our parameterchoices.

C Solution Methods

We describe brie
y the value function iteration technique used to solve the �rms' value
maximization problem. The value function and the optimal investment policy are solved on
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a grid in a discretestate space.We specify a grid with 50 points for the capital stock with
an upper bound k (large enoughto be nonbinding at all times). We construct the grid for
capital stock recursively, following McGrattan (1999), i.e., ki = ki−1 + ck1 exp(ck2 (i � 2)),
where i = 1; : : : ; 50 is the index of grid points and ck1 and ck2 are two constants chosen
to provide the desirednumber of grid points and k, given a pre-speci�ed lower bound k.
The advantage of this recursive construction is that more grid points are assignedaround k,
wherethe value function hasmost of its curvature.

The state variables x and z are de�ned on continuous state spaces,which have to
be transformed into discrete state spaces. Since both productivit y processesare highly
persistent in monthly frequency, we use the method described in Rouwenhorst (1995).
We use three grid points for x processand �v e points for z process. In all casesour
results are robust to �ner grids. Once the discretestate spaceis available, the conditional
expectation operator in (7) can be carried out simply as a matrix multiplication. The
expectedreturn Et [r j t+1]= Et [vj t+1]=(vj t � dj t ) can be calculated in the sameway. Piecewise
linear interpolation is usedextensively to obtain �rm value,optimal investment, andexpected
return, which do not lie directly on the grid points. To solve for the multiplier on the grid
accordingto Eq.(11), we usenumerical di�eren tiation to calculate the �rst order derivative
vk with quadratic accuracy (e.g., Judd (1998), p. 281). dk is calculated analytically. The
matlab programsfor solving the model are available from the authors upon request.
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Table 1 : Benc hmark Parameter Values

This table lists the benchmark parameter values used to solve and simulate the model. These parameters

include: capital share � ; depreciation � ; persistence � x and conditional volatility of aggregate productivity

� x ; three parameters governing the stochastic discount factor � , 
 0, and 
 1; the adjustment cost parameter � ;

the persistence � z and conditional volatility � z of firm-specific productivity; and the fixed cost of production

f . Appendix B contains the calibration details.

� � � x � x � 
 0 
 1 � � z � z f

0.30 0.01 0:951=3 0.007/3 0.994 50 � 1000 15 0.96 0.10 0.0275
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Figure 1 : Tobin's Q, In vestmen t Rate, and Dividend Rate (The Benc hmark Case)

This figure plots Tobin’s Q or market-to-book ratio ((v=k)u , Panel A), investment rate ((i=k)u , Panel

B), dividend rate ((d=k)u , Panel C) for unconstrained firms, as well as the differences in these variables

(4 (v=k); 4 (i=k); 4 (d=k), defined as those of constrained firms minus those of unconstrained firms) in Panels

D, E, and F. Panels A–F plot these variables as functions of capital stock k and idiosyncratic productivity z

while fixing aggregate productivity x at its long run average level x̄. Each panel from A to F has a class of

five curves corresponding to five values of z with the arrow indicating the direction along which z increases.

Panels G–L follow the same format but plot the variables as functions of capital stock k and x while fixing

z at its long run average level z̄ = 0. Each panel from G to L has a class of three curves corresponding to

three values of x with the arrow indicating the direction along which x increases.

Panel A: (v=k)u jx=x̄ Panel B: (i=k)u jx=x̄ Panel C: (d=k)u jx=x̄
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Figure 2 : Multiplier, Risk, and Exp ected Excess Return (The Benc hmark Case)

Panel A plots the multiplier associated with the dividend constraint for the constrained firms as a function of capital stock k and idiosyncratic

productivity z while fixing aggregate productivity x at its long run average level x̄. Panel F plots the multiplier as a function of k and x while fixing z

at its long run average level. Panels B–E plot the unconstrained firms’ risk and expected excess return (� u and eu ) as functions of k; z and x. Panels

G–J plot the the differences in risk and expected excess return (4 � and 4 e), defined as those of constrained firms minus those of unconstrained firms.

Panels B, D, G, and I plot these variables as functions of k and z while fixing x at its long run average level. Panels C, E, H, and J plot the variables

as functions of k and x while fixing z at its long run average level z̄=0.
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Figure 3 : Cyclical Prop ert y of the Price of Risk

This figure plots the price of risk � mt = Vart [mt+1]=Et [mt+1] as a function of aggregate productivity x where

M t+1 denotes the stochastic discount factor defined in Eq. (4). Two cases are plotted, the countercyclical

price of risk (
 1 = � 1000, the solid line) and the constant price of risk (
 1 =0, the broken line).
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Figure 4 : The Multiplier, Tobin's Q, and In vestmen t Rate (Constan t Discoun t Factor)

Panel A plots the multiplier associated with the dividend constraint for the constrained firms as a function of capital stock k and idiosyncratic

productivity z while fixing aggregate productivity x at its long run average level x̄. Panel F plots the multiplier as a function of k and x while fixing

z at its long run average level. Panels B–E plot the unconstrained firms’ market-to-book ratios and investment rates ((v=k)u and (i=k)u ) as functions

of k; z and x. Panels G–J plot the the differences in market-to-book ratios and investment rates (4 (v=k) and 4 (i=k)), defined as those of constrained

firms minus those of unconstrained firms. Panels B, D, G, and I plot these variables as functions of k and z while fixing x at its long run average

level. Panels C, E, H, and J plot the variables as functions of k and x while fixing z at its long run average level z̄=0.

Panel A: � jx=x̄ Panel B: (v=k)u jx=x̄ Panel C: (v=k)u jz=z̄ Panel D: (i=k)u jx=x̄ Panel E: (i=k)u jz=z̄
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Figure 5 : The Multiplier, Risk, and Exp ected Excess Return (Lo w Adjustmen t Cost � = 10)

Panel A plots the multiplier associated with the dividend constraint for the constrained firms as a function of capital stock k and idiosyncratic

productivity z while fixing aggregate productivity x at its long run average level x̄. Panel F plots the multiplier as a function of k and x while fixing z

at its long run average level. Panels B–E plot the unconstrained firms’ risk and expected excess return (� u and eu ) as functions of k; z and x. Panels

G–J plot the the differences in risk and expected excess return (4 � and 4 e), defined as those of constrained firms minus those of unconstrained firms.

Panels B, D, G, and I plot these variables as functions of k and z while fixing x at its long run average level. Panels C, E, H, and J plot the variables

as functions of k and x while fixing z at its long run average level z̄=0.

Panel A: � jx=x̄ Panel B: � u jx=x̄ Panel C: � u jz=z̄ Panel D: eu jx=x̄ Panel E: eu jz=z̄
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Figure 6 : The Multiplier, Risk, and Exp ected Excess Return (High Adjustmen t Cost � = 20)

Panel A plots the multiplier associated with the dividend constraint for the constrained firms as a function of capital stock k and idiosyncratic

productivity z while fixing aggregate productivity x at its long run average level x̄. Panel F plots the multiplier as a function of k and x while fixing z

at its long run average level. Panels B–E plot the unconstrained firms’ risk and expected excess return (� u and eu ) as functions of k; z and x. Panels

G–J plot the the differences in risk and expected excess return (4 � and 4 e), defined as those of constrained firms minus those of unconstrained firms.

Panels B, D, G, and I plot these variables as functions of k and z while fixing x at its long run average level. Panels C, E, H, and J plot the variables

as functions of k and x while fixing z at its long run average level z̄=0.

Panel A: � jx=x̄ Panel B: � u jx=x̄ Panel C: � u jz=z̄ Panel D: eu jx=x̄ Panel E: eu jz=z̄
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Figure 7 : Multiplier, Risk, and Exp ected Excess Return (Lo w Shock � z = 0:075)

Panel A plots the multiplier associated with the dividend constraint for the constrained firms as a function of capital stock k and idiosyncratic

productivity z while fixing aggregate productivity x at its long run average level x̄. Panel F plots the multiplier as a function of k and x while fixing z

at its long run average level. Panels B–E plot the unconstrained firms’ risk and expected excess return (� u and eu ) as functions of k; z and x. Panels

G–J plot the the differences in risk and expected excess return (4 � and 4 e), defined as those of constrained firms minus those of unconstrained firms.

Panels B, D, G, and I plot these variables as functions of k and z while fixing x at its long run average level. Panels C, E, H, and J plot the variables

as functions of k and x while fixing z at its long run average level z̄=0.
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Figure 8 : Multiplier, Risk, and Exp ected Excess Return (High Shock � z = 0:125)

Panel A plots the multiplier associated with the dividend constraint for the constrained firms as a function of capital stock k and idiosyncratic

productivity z while fixing aggregate productivity x at its long run average level x̄. Panel F plots the multiplier as a function of k and x while fixing z

at its long run average level. Panels B–E plot the unconstrained firms’ risk and expected excess return (� u and eu ) as functions of k; z and x. Panels

G–J plot the the differences in risk and expected excess return (4 � and 4 e), defined as those of constrained firms minus those of unconstrained firms.

Panels B, D, G, and I plot these variables as functions of k and z while fixing x at its long run average level. Panels C, E, H, and J plot the variables

as functions of k and x while fixing z at its long run average level z̄=0.
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Figure 9 : Multiplier, Risk, and Exp ected Excess Return (Lo w Fixed Cost f = 0:025)

Panel A plots the multiplier associated with the dividend constraint for the constrained firms as a function of capital stock k and idiosyncratic

productivity z while fixing aggregate productivity x at its long run average level x̄. Panel F plots the multiplier as a function of k and x while fixing z

at its long run average level. Panels B–E plot the unconstrained firms’ risk and expected excess return (� u and eu ) as functions of k; z and x. Panels

G–J plot the the differences in risk and expected excess return (4 � and 4 e), defined as those of constrained firms minus those of unconstrained firms.

Panels B, D, G, and I plot these variables as functions of k and z while fixing x at its long run average level. Panels C, E, H, and J plot the variables

as functions of k and x while fixing z at its long run average level z̄=0.
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Figure 10 : Multiplier, Risk, and Exp ected Excess Return (High Fixed Cost f = 0:03)

Panel A plots the multiplier associated with the dividend constraint for the constrained firms as a function of capital stock k and idiosyncratic

productivity z while fixing aggregate productivity x at its long run average level x̄. Panel F plots the multiplier as a function of k and x while fixing z

at its long run average level. Panels B–E plot the unconstrained firms’ risk and expected excess return (� u and eu ) as functions of k; z and x. Panels

G–J plot the the differences in risk and expected excess return (4 � and 4 e), defined as those of constrained firms minus those of unconstrained firms.

Panels B, D, G, and I plot these variables as functions of k and z while fixing x at its long run average level. Panels C, E, H, and J plot the variables

as functions of k and x while fixing z at its long run average level z̄=0.
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