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Abstract

Time-variation of the nominal term structure must be due to either movements in real interest

rates or expected inflation, or both. We develop a term structure model with regime switches,

time-varying prices of risk and inflation to identify these essentially unobserved components

of the nominal yield curve. Our full specification has separate regimes in a real factor and

inflation and we cannot reject that the real and inflation regimes are independent. We find that

the unconditional real rate curve is fairly flat at 1.44% but slightly humped but in one regime is

steeply downward sloping. Conditional means of inflation, but not conditional volatilities, differ

significantly across regimes, and inflation enters real short rates with a significant coefficient of

-0.523. Contrary to the standard view, we find that expected inflation drives about 75% of the

variation of nominal yields at both short and long maturities.



1 Introduction

The real interest rate and expected inflation are two key economic variables; yet, their dynamic

behavior is essentially unobserved. A large empirical literature has yielded surprisingly few

generally accepted stylized facts. For example, whereas theoretical research often assumes

the real interest rate to be constant, empirical estimates for the real interest rate process vary

between constancy (Fama, 1975), mean-reverting behavior (Hamilton, 1985), or a unit root

process (Rose, 1988). There seems to be more consensus on the fact that real rate variation,

if it exists at all, should only affect the short end of the term structure but that the variation in

long-term interest rates is primarily affected by shocks to expected inflation (see Mishkin, 1990;

and Fama, 1990, among others). However, Pennacchi (1991) finds the exact opposite result.

Our approach differs substantially from the previous literature. First, we use a no-arbitrage

term structure model with both (nominal) bond yields and inflation data to identify the real

and nominal term structure. This not only increases statistical efficiency but also mitigates the

well-known peso problems inherent in rational expectations estimations (see Evans, 1999; and

Bekaert, Hodrick and Marshall, 2001, for more discussion). Second, an attractive feature about

the model is that it accommodates regime-switching (RS) behavior but still produces closed-

form solutions for the term structure of interest rates. This allows inference for both real and

nominal yields at all maturities in a manner consistent with no-arbitrage. The empirical case

for RS behavior in interest rates is strong (see below), but we go a step beyond the extant

literature by attempting to identify the real and nominal sources of the regime switches. Third,

the model accommodates flexible time-varying risk premiums. Several studies show that this

specification is rich enough to accommodate deviations from the Expectations Hypothesis (see

Dai and Singleton, 2002, for example).

After briefly describing the related literature in Section 2, our main results can be

summarized as follows. Section 3 develops the model, including the derivation of the bond

prices implied by the RS term structure model.1 We describe how to estimate the model with

maximum likelihood and detail the specification tests we use to select the best model.

In Section 4, we conduct various specification tests and analyze the parameter estimates of

the best model. We find that the best-performing model has separate and independent regimes

in real rates and inflation. Surprisingly, the inflation process only has a regime-dependent drift;

we cannot reject that inflation volatility remains the same across regimes. However, the real

rate has a low mean and low volatility in one regime, in the other regime the real rate mean and

1 It is fair to say that Section 3.5 is quite technical and can be skipped by the reader only interested in the

economic results.
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volatility is significantly higher.

Section 5 contains the main economic results. The real rate is negatively correlated with

both expected and unexpected inflation. We find that, unconditionally, the term structure of real

rates assumes a fairly flat shape around 1.44%, with a slight hump, peaking at a 1-year maturity.

However, there is one regime in which the real rate curve is downward sloping. For models with

separate inflation and real rate regimes, no regime-dependent expected nominal term structure is

downward sloping. The model matches an unconditional upward sloping nominal term structure

by fitting an unconditional upward-sloping term structure of expected inflation. Empirically,

nominal interest rates (spreads) do not behave pro-cyclically (counter-cyclically) across the

business cycle but our model-implied real rates do. The decompositions of nominal yields into

real yields and expected inflation at various horizons indicate that variation in expected inflation

explains about 75% of the variation in nominal rates at both short and long maturities. Finally,

Section 6 concludes.

2 Related Literature

To better appreciate the relative contribution of our article, we link it to three distinct literatures:

(i) the extraction of real rates and expected inflation from nominal yields and realized inflation

or inflation forecasts, (ii) the theoretical term structure literature and equilibrium affine models

in finance and (iii) the empirical regime-switching literature on interest rates and inflation.

Our approach to identify real rates and expected inflation differs substantially from the

previous literature. First, we develop a no-arbitrage term structure model and use (nominal)

term structure data, with inflation data, to identify the real and expected inflation components of

nominal interest rates. This is in contrast with an early literature that uses neither term structure

data, nor a pricing model to obtain estimates of real rates and expected inflation. Mishkin

(1981) and Huizinga and Mishkin (1986) simply project ex-post real rates on instrumental

variables. Hamilton (1985), Fama and Gibbons (1982) and Burmeister et al. (1986) use a

low-order ARIMA model and identify expected inflation and real rates under the assumption

of rational expectations using a Kalman filter. Whereas implicit assumptions on the time-series

process of the forcing variables in the model and rational expectations are still essential to

obtain identification in our model, the use of term structure information with time-varying risk

premiums to identify the unobserved components is likely to significantly increase efficiency

and mitigate peso problems.

Second, our model accommodates regime switches but still produces closed-form solutions
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for the term structure of interest rates. The empirical evidence for RS behavior in interest

rates is very strong and confirmed in many articles (see, among many others, Hamilton, 1988;

Gray, 1996; Sola and Driffill, 1994; Bekaert, Hodrick and Marshall, 2001; and Ang and

Bekaert, 2002a). However, articles that have used term structure information and a pricing

model to obtain estimates of real rates and expected inflation have so far ignored RS behavior.

This includes papers by Pennacchi (1991), Sun (1992) and Boudoukh (1993) for US data

and Buraschi and Jiltsov (2001), Risa (2001), Barr and Campbell (1997), Remolona et al.

(1998) and Evans (1998) for UK data. This is curious, because the early literature implicitly

demonstrated the importance of accounting for regime or structural changes. For example,

the Huizinga-Mishkin (1986) projections are unstable over the 1979-1982 period, and the

slope coefficients of regressions of future inflation onto term spreads in Mishkin (1990) are

substantially different pre- and post-1979.

Finally, there are a number of articles that have formulated term structure models accommo-

dating regime switches (see Naik and Lee, 1994; Hamilton, 1988; Veronesi and Yared, 1999;

Bekaert, Hodrick and Marshall, 2001; Bansal and Zhou, 2002), but all of these models (with

the exception of Veronesi and Yared, 1999) are only concerned with nominal interest rate data.

Moreover, most of these models are more restrictive than the one we propose below or they

do not accommodate closed-form solutions and must use linearizations. The tractability of our

proposed model also simplifies estimation in that the likelihood function can be derived and

simulation-based estimation methods are unnecessary.

Evans (1999) is probably most closely related to our article. He formulates a dynamic

pricing model with regime switches for UK real and nominal yields and inflation. However,

he does not obtain closed-term solutions for bond prices and only accommodates two regimes

driving all dynamics. The most general model we estimate has two separate regime variables

each having two possible realizations, the first variable primarily drives real rates, the second

regime variable only affects inflation. Hence, there are four regimes in total. Earlier work has

stressed either inflation regimes (Evans and Wachtel, 1993; and Evans and Lewis, 1995) or

real interest rate regimes (Garcia and Perron, 1996). In this article, we separately identify the

contributions of real and nominal factors to regime changes.

3 The Model

We derive a parsimonious model that accommodates regime-switches and is consistent with the

dynamics of both term structure and inflation data. From the term structure literature (see, for
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example, Dai and Singleton, 2000), we know that affine term structure models need three factors

to match term structure dynamics. While most term structure studies use only unobservable

factors, our first factor is an observed factor, namely inflation that switches regimes. Ang

and Piazzesi (2002) show that incorporating macro-economic factors significantly improves

the ability of standard term structure models to fit the dynamics of yields. A second factor

represents time-variation in the price of risk. Fisher (1998), Dai and Singleton (2002) and

Cochrane and Piazzesi (2002) demonstrate that, in the context of affine models, time-varying

prices of risk are able to capture the dynamics of term premia. Finally, a third factor represents

a latent RS term structure factor.

In our benchmark model (Sections 3.1 and 3.2), we accommodate two possible regimes,

as is customary in the literature on regime switches in nominal short rates (see, for example,

Hamilton, 1988; Gray, 1996; and Ang and Bekaert, 2002a). However, we also consider a model

with separate regimes for inflation and the real rates (Section 3.3). An alternative RS model

(Section 3.4) introduces an additional unobserved factor that represents expected inflation. This

model generalizes classic ARMA-models of real rates and expected inflation (see Fama and

Gibbons, 1982; and Hamilton, 1985).

3.1 The Benchmark Regime-Switching Model

Denote the state variables asXt = (qt ft πt)
′, whereqt andft are unobserved state variables and

πt is observable inflation, follow the RS process:

Xt+1 = µ(st+1) + ΦXt + Σ(st+1)εt+1, (1)

wherest indicates the regime and:

µ(st) =




µq

µf (st)

µπ(st)


 , Φ =




Φqq 0 0

Φfq Φff 0

Φπq Φπf Φππ


 , Σ(st) =




σq 0 0

0 σf (st) 0

0 0 σπ(st)


 . (2)

While the conditional mean and volatility offt andπt switch regimes, the conditional mean

and volatility of qt does not. The reduced-form process for inflation is quite complex and

involves moving average terms. This is important because the autocorrelogram of inflation at the

quarterly frequency is relatively well approximated by the autocorrelogram of an ARMA(1,1)

process. Note that the mean-reversion of all variables inΦ is not regime-dependent.

The real short rate follows the affine literature by assuming that the short rate is affine in the

state variables:

rt = δ0 + δ′1Xt. (3)
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Theqt parameter inXt also determines the price of risk (see below). This means that the time-

varying price of risk can directly influence the real rate as it would in any equilibrium model

with growth. For example, when risk aversion increases, the real rate of interest rate may either

increase or decrease. The real rate may increase because of the increased desire to smooth

consumption and borrow from the future, which causes higher interest rates. The real rate may

decrease because of the precautionary savings motive. The estimation determines which effect

dominates. The model also allows for arbitrary correlation between the real rate and inflation.

Note that sinceft andπt in Xt change across regimes, the real rate process (3) also inherits the

RS structure of the state variables.

The regime variablest = 1, 2 follows a Markov chain with transition probability matrix:

Π =

[
p11 = Pr(st = 1|st−1 = 1) p12 = 1− p11

p21 = 1− p22 p22 = Pr(st = 2|st−1 = 2)

]
. (4)

We denote the stable probabilities of the Markov chain implied byΠ asπi = Pr(st = i).

Finally, we specify the real pricing kernel to take the form:

m̂t+1 = log M̂t+1 = −rt − 1

2
λt(st+1)

′λt(st+1)− λt(st+1)
′εt+1 (5)

where the prices of riskλt(st) are given by:

λt(st) = (γt λ(st)
′)′

γt = γ0 + γ1qt

= γ0 + γ1e
′
1Xt, (6)

whereei represents a vector of zero’s with a 1 in theith position andλ(st) = (λf (st) λπ(st))
′. In

this formulation, the prices of risk offt andπt change across regimes. The variableqt controls

the time-variation of the price of risk inγt in (6) and does not switch regimes.2

Our model significantly extends several existing specifications. Naik and Lee (1994) and

Land́en (2000) present models with constant prices of risk and regime switches where bond

prices have affine solutions. Veronesi and Yared (1999) use Liptser and Shiryaev (1979) filtering

techniques to obtain closed-form solutions for bond prices, but they can only handle switching

in the meanµ(st). Kim and Nelson (1999) comment that since conditional means are hard to pin

down, it is switching volatility which largely identifies the regimes. Evans (1999) and Bansal

and Zhou (2002) allow switching in the mean reversion parameters, covariances and means,

2 Allowing γt to switch across regimes results in the loss of closed-form solutions for bond prices, which we

detail in Section 3.5.
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but both articles use linearizations to obtain approximate analytical bond prices. In contrast,

in Section 3.5, we show that our specification produces closed-form solutions for bond prices,

enabling both efficient estimation and the ability to fully characterize real and nominal yields at

all maturities without discretization error.

The model has two main caveats. First, Gray (1996), Bekaert, Hodrick and Marshall (2001)

and Ang and Bekaert (2002a) show that mean-reversion of the short rate is significantly different

across regimes. If we relax this constraint, closed-form bond prices are no longer available.3

Second, the model cannot accommodate time-varying transition probabilities. Ang and

Bekaert (2002b) document that constant transition probabilities fail to fully account for the

non-linear short rate drift and volatility functions estimated by Aı̈t-Sahalia (1996), Stanton

(1997) and others. While constant transition probabilities induce some non-linearities, only

time-varying transition probabilities with logistic forms (used by Diebold et al., 1994) can

reproduce the non-linearities estimated by the non-parametric studies.

Whereas these are important concerns, the numerical difficulties encountered in computing

bond prices for these more complex specifications are formidable and the use of term structure

information is critical in identifying both the inflation and real rate components in interest rates

and the RS parameters. Moreover, our model with a latent term structure factor and a time-

varying price of risk, combined with the RS means and variances, is very rich and cannot be

identified from inflation and short rate series alone.

3.2 Identification

In a single-regime setting, Dai and Singleton (2000) show that many term structure models with

unobserved state variables result in observationally equivalent systems. Hence, restrictions must

be imposed on the parameters for identification. In a single-regime Gaussian model, Dai and

Singleton show that identification can be accomplished by setting the conditional covariance to

be a diagonal matrix and letting the correlations enter through the feedback matrix (Φ), which

is parameterized to be lower triangular, which we do here. Note that the process for inflation is

influenced by both past inflation, time-varying prices of risk (throughqt) and the term-structure

(throughft).

Sinceqt and ft are latent variables, they can be arbitrarily scaled. Hence, we setδ1 =

(δq δf δπ)′ = (1 1 δπ)′ in (3). Settingδq andδf to be constants allowsσq andσf to be estimated.

3 Dai and Singleton (2003) develop a model where long-term means, mean reversion and variances switch

across regimes, with state-dependent transition probabilities, but no-closed form solutions are available for bond

prices. Bond prices can still be computed numerically by solving a series of coupled partial differential equations.
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Becauseqt is an unobserved variable, estimatingµq in (2) is equivalent to allowingγ0 in (6)

or δ0 in (3) to be non-zero. Hence, we specifyft andqt to have zero mean for identification.

This impliesµq = 0, sinceqt does not switch regimes, and we also constrainµf (st) so that the

unconditional mean offt is zero.

Because we only have nominal bonds, it is impossible to identify the inflation risk premium

in our model. Articles focusing on US data that attempt to identify the inflation risk premium,

such as Buraschi and Jiltsov (2002) and Veronesi and Yared (1999), obtain identification

through stylized economic models.4 Therefore, we follow the literature and setλπ(st) = 0,

so that the inflation risk premium is zero.

This resulting model is theoretically identified from the data but we impose two additional

restrictions on the benchmark model.5 First, we setΦ12 = 0 in (2). With this restriction, there

are, in addition to inflation factors, two separate and easily identifiable sources of variation

in interest rates: a regime-switching factor and a time-varying price of risk. Identifying their

relative contribution to interest rate dynamics becomes easy with this restriction and it is not

immediately clear how a non-zeroΦ12 would help enrich the model.

Second, we setγ0 = 0 in (6). Theoretically, affine models allow the identification ofN −
1 prices of risk with the use ofN zero-coupon bonds, but empirically, it is very difficult to

accurately pin down more than 1 price of risk (see Dai and Singleton, 2000), especially because

estimates of means of very persistent data series have large standard errors in small samples.

To obtain some intuition on identification, consider a two period real bond. For this bond, the

real term premium in any model is given by covt(−m̂t+1, rt+1). In the single-regime affine

counterpart to our model, the real term premium is:

covt(−m̂t+1, rt+1) = γ0σq + γ1σqqt + λfσf . (7)

Hence, the effects ofγ0 andλf are indistinguishable as they both act as constant terms. In the

RS model of equations (1) to (6), the expression becomes:

covt(−m̂t+1, rt+1|st = i) = γ0σq + γ1σqqt +

(
2∑

j=1

pijλf (j)σf (j)

)

+ pi1pi2[(µf (2)− µf (1)) + δπ(µπ(2)− µπ(1)]

[
1

2
(λf (2)2 − λf (1)2)

]
.

4 The literature using UK indexed gilts often attempts to estimate the inflation risk premium. For the US,

similar data is only available from the late 1990’s in thinly traded markets. Even for the UK, data is available only

post-1982.
5 The more general model actually performs substantially worse than the selected model on the specification

tests, but its substantive implications are quite similar. In particular, the variance decompositions of nominal yields

are very similar to those implied by our model in Section 5.4.
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The RS model has a considerably more complex term premium that embeds some significant

non-linearities, including a jump term involving the difference of drifts and risk prices across

regimes. Note that the term premium now depends on the prices of riskλ(st) averaged across

the two regimes, while we hadλfσf in the single-regime case in (7). Furthermore, the jump

term also involves drift parameters. Hence, it is unlikely that adding another constant,γ0, adds

much flexibility to the model.

Finally, we impose one restriction not necessary for identification, but for efficiency gains.

The mean level of the real short rate in (3) is determined by the mean level of inflation multiplied

by δπ and the constant termδ0. We setδ0 to match the mean of the nominal short rate in the

data, improving the fit of the model.

3.3 Incorporating Different Real Rate and Inflation Regimes

The two regime specification in (4) restricts the real rate and inflation to share the same regimes.

To incorporate the possibility of different real rate and inflation regimes, we introduce two

different regime variablessr
t ∈ {1, 2} for theft process andsπ

t ∈ {1, 2} for the inflation process.

Because the former is a real factor, we refer tosr
t as the real rate regime variable. Nevertheless,

the reduced form model for the real rate incorporates both the inflation and real rate regimes,

since inflation is one of the factors entering the real short rate (3). Theδπ parameter controls

how a switch in the inflation regime impacts the real rate. Moreover, becauseft enters the

conditional mean of inflation, the inflation process is affected by the real rate regime as well.

For example, monetary-policy induced increases in real rates could ward off higher inflation

next period through a negativeΦπf coefficient.

To incorporate the effects ofsπ
t and sr

t , we define an aggregate regime variablest ∈
{1, 2, 3, 4} to account for all possible combinations of{sr

t , s
π
t } = {(1, 1) , (1, 2) , (2, 1) , (2, 2)},

following Hamilton (1994). The full transition probability matrix is of dimension4× 4 and has

10 additional parameters relative to the benchmark model. To reduce the number of parameters,

we investigate three restricted cases as follows.

Independent Regimes

In the first case, we impose the restriction that the inflation and the real rate regimes evolve

independently. In other words,

Pr
[
sr

t+1 = j, sπ
t+1 = k|sr

t = m, sπ
t = n

]
=

Pr
[
sr

t+1 = j|sr
t = m

]× Pr
[
sπ

t+1 = k|sπ
t = n

]
. (8)
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This model is very parsimonious, adding only two parameters to the benchmark model.

However, the correlation between real rates and inflation regimes is completely driven by theδπ

parameter in (3).

Correlated Real Rate and Inflation Regimes

It is conceivable that real rate regimes are correlated directly with expected inflation regimes.

For example, monetary authorities may attempt to sharply increase real rates in response to

a hike in expected inflation while focusing on other goals expressed in nominal terms. We

consider two cases (Cases A and B) to model correlation between real rate and inflation regimes.

We briefly outline these cases, while full details are given in Appendix A.

In Case A, we specify the current real rate regime to depend on the contemporaneous

realization of the inflation regime and on the past real rate regime, which could partially reflect

a monetary policy reaction function. In this case, we decompose the joint transition probability

of real rates and inflation regimes as:

Pr
[
sr

t+1 = j, sπ
t+1 = k|sr

t = m, sπ
t = n

]

= Pr
[
sr

t+1 = j|sπ
t+1 = k, sr

t = m, sπ
t = n

]× Pr
[
sπ

t+1 = k|sr
t = m, sπ

t = n
]

= Pr
[
sr

t+1 = j|sπ
t+1 = k, sr

t = m
]× Pr

[
sπ

t+1 = k|sπ
t = n

]
(9)

In the last line, we assume that the past inflation regime does not determine the contempo-

raneous correlation of the real rate and inflation regime. Mathematically, we assume that

Pr
[
sr

t+1 = j|sπ
t+1 = k, sr

t = m, sπ
t = n

]
= Pr

[
sr

t+1 = j|sπ
t+1 = k, sr

t = m
]
. We also assume

that Pr
[
sπ

t+1 = k|sπ
t = n

]
= Pr

[
sπ

t+1 = k|sπ
t = n

]
, or that past real rates do not influence

future inflation regime realizations.

One short-coming of the Case A specification is that it cannot capture periods when

monetary policy increases real rates to stave off a regime of high inflation. In Case B, the

inflation regime may depend on the previous real rate regime, perhaps as a consequence of

successful monetary policy actions. Case B would also result from a central bank following a

Taylor rule, which may cause high inflation to be mechanically linked to high real rates.

Another way to incorporate correlation between real rate and inflation regimes is to use the

following decomposition:

Pr
[
sr

t+1 = j, sπ
t+1 = k|sr

t = m, sπ
t = n

]

= Pr
[
sr

t+1 = j|sπ
t+1 = k, sr

t = m, sπ
t = n

]× Pr
[
sπ

t+1 = k|sr
t = m, sπ

t = n
]

= Pr
[
sr

t+1 = j|sr
t = m

]× Pr
[
sπ

t+1 = k|sr
t = m, sπ

t = n
]
. (10)
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Here, we assume thatPr
[
sr

t+1 = j|sπ
t+1 = k, sr

t = m, sπ
t = n

]
= Pr

[
sr

t+1 = j|sr
t = m

]
.

Economically, this means that future real rate regimes only depend on current real rate regimes.

In contrast, future inflation regimes depend on the stance of the monetary authority’s real rate

regime as well as the current inflation environment.

3.4 A Regime-Switching Model with Stochastic Expected Inflation

In a final extension, motivated by the ARMA-model literature (see Hamilton, 1985; and

references therein), we allow inflation to be composed of a stochastic expected inflation term

plus a random shock:

πt+1 = wt + σπεπ
t+1,

wherewt = Et [πt+1] is the one-period-ahead expectation of future inflation. This can be

accomplished in our framework by expanding the state variables toXt = (qt ft wt πt)
′ which

follow the dynamics of equation (1), except now:

µ(st) =




µq

µf (st)

µw(st)

0




, Φ =




Φqq 0 0 0

Φfq Φff 0 0

Φwq Φwf Φww Φwπ

0 0 1 0




, (11)

andΣ(st) is a diagonal matrix with(σq σf (st) σw(st) σπ(st))
′ on the diagonal. Note that both

the variance of inflation and the process of expected inflation are regime-dependent. Moreover,

past inflation affects current expected inflation throughΦwπ.

The real short rate and the regime transition probabilities are the same as in the benchmark

model (4). The real pricing kernel also takes the same form as (5) with one difference. The

regime-dependent part of the prices of risk in equation (6) is now given by:

λ(i) = (λf (i) λw(i) λπ(i))′,

but we setλw = 0 so that there is no correlation between the real pricing kernel and any inflation

shocks. Although this model adds one additional latent variable to the benchmark RS model, it

only requires estimating four additional parameters:Φwπ, σπ andσw(st).

To gauge the actual contribution of regime switches, we also estimate single-regime

counterparts to the benchmark and stochastic expected inflation models. The single-regime

equivalent of the benchmark model is a three-factor Gaussian term structure model with one

latent variable entering the time-varying price of risk. For the stochastic expected inflation

model, the single-regime equivalent is a four-factor model.
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3.5 Bond Prices

Despite the non-linearities present in the model structure of equations (1) to (11), it is possible

to derive closed-form solutions for both real and nominal yields on zero coupon bonds.

Real Bond Prices

In our model, the real zero coupon bond price of maturityn conditional on regimest = i,

P̂ n
t (st = i), is given by the closed-form expression:

P̂ n
t (i) = exp(Ân(i) + B̂nXt), (12)

whereÂn(i) is dependent on regimest = i, B̂n is a1 × N vector andN is the total number

of factors in the model, including inflation. The expressions forÂn(i) and B̂n are given in

Appendix B. Since the real bond prices are given by (12), it follows that the real yieldsŷn
t (i)

are affine functions ofXt, conditional on regimei:

ŷn
t (i) = − log(P̂ n

t )

n
= − 1

n
(Ân(i) + B̂nXt). (13)

The technical innovation in deriving (12) is to recognize that theB̂n parameter does not

switch for two reasons. First,Φ remains constant across regimes. Second, the time-varying

price of risk parameterγ1 also does not switch across regimes. If these parameters become

regime-dependent, closed-form bond solutions are no longer possible.

While the expressions for̂An(i) andB̂n are complex, some intuition can be gained on how

the prices of risk affect each term. The constant price of riskγ0 enters only the constant term in

the yieldsÂn(st), but affects the term in all regimes. A more negativeγ0 causes long maturity

yields to be, on average, higher than short maturity yields, as is true in the simplest affine model

specification. Hence,γ0 affects the unconditional average shape of the yield curve. The regime-

dependent prices of riskλ(st) also only affect thêAn(st) terms. Unlike theγ0 term, theλ(st)

term enters non-linearly. However, a non-linear average effect ofλ(st), across the two regimes

also moves the real yield curve. However, since theλ(st) terms differ across regimes,λ(st) also

controls the regime-dependent level of the yield curve away from the unconditional shape of the

yield curve. Thus, the model can accommodate a potentially upward sloping yield curve in one

regime but a downward sloping yield curve in another regime. The prices of risk affect the

time-variation in the yields through the parameterγ1. This term only enters thêBn(st) terms.

A more negativeγ1 means that long-term yields are higher, and respond more to shocks in the

price of risk.
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Nominal Bond Prices

To compute nominal bond prices and yields, we formulate the nominal pricing kernel in the

standard way asMt+1 = M̂t+1Pt+1/Pt:

mt+1 = log Mt+1 = −rt − 1

2
λt(st+1)

′λt(st+1)− λt(st+1)
′εt+1 − e′NXt+1 (14)

This allows nominal bond prices to be written as:

P n
t (i) = exp(An(i) + BnXt), (15)

where the scalarAn(i) is dependent on regimest = i andBn is an1×N vector. Since nominal

bond prices are given by (15), it follows that the nominal yieldsyn
t (i) are affine functions ofXt,

conditional on regimei:

yn
t (i) = − log(P n

t )

n
= − 1

n
(An(i) + BnXt). (16)

Appendix C shows that the only difference between theÂn(i) andB̂n terms for real bond

prices and theAn(i) andBn terms for nominal bond prices are due to terms that select inflation

from Xt. Positive inflation shocks decrease nominal bond prices. The general solution also

allows for an inflation premium, but this is zero under our parameterization.

Examining the one-period nominal yield in detail, we can break the nominal yield into the

real rate plus expected inflation terms by taking the difference between (16) and (13):

y1
t = rt + πe

t,1, (17)

where expected inflationπe
t,1 over the next period can be shown to be:

πe
t,1 = − log

[∑
j

πij exp

(
−µπ(j) +

1

2
σ2

π(j) + σπ(j)λπ(j)

)]
+ e′NΦXt.

The last term in the exponential represents the inflation risk premium in our model, which

is zero by assumption. The1
2
σ2

π(j) term is the standard Jensen’s inequality term. The term

−µπ(st) represents the non-linear, regime-dependent part of expected inflation. The last term

e′NΦXt represents the time-varying part of expected inflation.6

Using the formulae in Section 3.5, we can compute the nominal yieldsyn
t and the real

yields ŷn
t of maturityn. The difference between these two yields gives the expected inflation

6 Note that the non-linearity persists in the model where expected inflation is represented by the stochastic

variablewt, because gross deflation enters the pricing kernel rather than logarithmic inflation.
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at horizonn, πe
t,n. To assess the relative importance of these two components, we compute the

sample variances for real rates and expected inflation and look at the relative contribution of

each component to the variance of the nominal yield (see also Risa, 2002):

τryld =
cov(yn

t , ŷn
t )

var(yn
t )

=
var(ŷn

t ) + cov
(
ŷn

t , πe
t,n

)

var(yn
t )

τπe
t,n

=
cov

(
yn

t , πe
t,n

)

var(yn
t )

=
var

(
πe

t,n

)
+ cov

(
ŷn

t , πe
t,n

)

var(yn
t )

. (18)

3.6 Likelihood Function

To estimate the RS term structure model, we follow standard practice and specify a set of yields

that are measured without error to extract the unobserved factors (Chen and Scott, 1993). The

other yields are specified to be measured with error and provide over-identifying restrictions for

the term structure model. For the benchmark model, we specify the 1-quarter and 20-quarter

yields to be measured without error. For the RS model where inflation has a stochastic mean, we

additionally specify the 4-quarter yield to be measured without error. Computing the likelihood

function is detailed in Appendix D. The likelihood is not simply the likelihood of the yields

measured without error multiplied by the likelihood of the measurement errors, which would

be the case in a standard affine model estimation. Since we have regime variables, these must

be integrated out of the likelihood function.

3.7 Specification Tests

Residual Tests

We report two tests on in-sample scaled residualsεt of yields and inflation. Following

Bekaert and Harvey (1997), we use a GMM test for serial correlation in scaled residualsεt:

E[εt εt−j] = 0 for j = 1, 2. (19)

We also test for serial correlation in the second moments of the scaled residuals:

E[((εt)
2 − 1) ((εt−j)

2 − 1)] = 0 for j = 1, 2. (20)

Moment Tests

A well-specified model should imply unconditional moments close to the sample moments.7

Because we want to decompose the variation of nominal yields of various horizons into real and

7 Appendix E shows how to compute conditional and unconditional moments of our model. Timmermann
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expected inflation components, the relative variances and autocorrelograms of term spreads,

yields and inflation are of particular importance. To enable comparison across several non-

nested models, we introduce the point statistic:

H = (h− h̄)′Σ−1
h (h− h̄), (21)

where h̄ are sample estimates of unconditional moments,h are the unconditional moments

from the estimated model, andΣh is the covariance matrix of the sample estimates of the

unconditional moments, estimated by GMM (Newey-West, 1987). In this comparison, the

moments implied by various models are compared to the data, with the data sampling error

Σh held constant across the models. We test for first and second moments of term spreads and

long yields, inflation and the autocorrelogram of term spreads and inflation.

4 Estimation Results

We use quarterly frequency data over 1952:Q2 to 2000:Q4. The disadvantages in using monthly

inflation data motivates the use of quarterly data. Monthly CPI figures are very seasonal and

create a timing problem because prices are collected over the course of the month. The use

of a quarterly frequency mitigates both problems. The data on the Consumer Price Index –

All Urban Consumers (CPI-U, seasonally adjusted, 1982-84=100) is from the Bureau of Labor

Statistics. Our constructed measure of inflation is the quarter on quarter log difference of the

CPI. Our bond data are 4-, 12- and 20-quarter maturity zero-coupon yield data from CRSP. The

1-quarter rate is obtained from the CRSP Fama risk-free rate file.

4.1 Specification Tests

Table 1 reports the specification tests for the residuals for six models. Model I is the single

regime counterpart of the benchmark RS model, described in Section 3.1, while Model II is

the single regime counterpart to the RS model with stochastic inflation described in Section

3.4. Model III represents the benchmark RS model with two regimes, whereas Model IV is

the model with two independent real and inflation regime variables. We do not report the tests

for the models with correlated regime variables, as the test statistics look almost identical to

those for Model IV. Model V (VI) is the stochastic inflation RS model with one regime variable

(2000) provides explicit formulae for a similar formulation of (1), except that the conditional mean ofXt+1

depends onµ(st+1) + Φ(Xt − µ(st)) rather than onµ(st+1) + ΦXt. In Timmermann’s set-up,E(Xt|st) is

trivially µ(st), whereas in our model the computation is more complex.
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(two independent regime variables). We use this nomenclature throughout the remainder of the

paper.

The residuals of the yields and spreads are well behaved for all models. There is slight

serial correlation in the residuals of the 5-year spread for Model III and some remaining serial

correlation in the second moments for the 1-quarter yield residuals for Model I, but there is not

a single 1% rejection of the null of no serial correlation. In stark contrast, only two of the six

models pass the specification tests for the inflation residuals: Models II and IV.

Inflation features a relatively low first order autocorrelation coefficient with very slowly

decaying higher-order autocorrelations. This is exactly the autocorrelogram that an ARMA(1,1)

model, with a high and positive autoregressive parameter and a negative moving average

coefficient, could fit very well, but that an AR(1) model cannot fit. All the models feature

complex reduced-form inflation models with MA components because of the presence of

several AR(1) processes in the conditional mean of inflation.8 Interestingly, among the RS

models, the presence of two separate regime variables appears helpful in removing the serial

correlation in the inflation residuals. For the stochastic expected inflation model (Models V

and VI), the non-linearities hurt rather than help the fit with the inflation process. All models

perform well with respect to the serial correlation in the second moments of the inflation

residuals, even the single-regime affine models that feature no heteroskedasticity (Models I

and II).9

Table 2 summarizes the fit of the models with respect to some salient moments of the data.

We turn first to Panel A, which reports the goodness-of-fit tests in (21), with respect to four sets

of moments: the mean and variance of the spread and the long rate (recall that all models fit the

mean of the short rate by construction in the estimation procedure), the mean and variance of

inflation, and the autocorrelogram of the spread and the autocorrelogram of inflation. It appears

that Model II has problems both with the mean and variance of the spread and long rate and with

the autocorrelogram of inflation. Panel A reveals that it over-estimates the standard deviation of

the spread and under-estimates the average term spread. Models III, V and VI fail this test for

the same reason. Given the results of the specification tests, it is a little surprising that Model

II fails to fit the autocorrelogram of inflation. However, the inflation autocorrelogram delivers

the most differentiating set of moments, particularly at long lags that the residual tests do not

8 In the single-regime Model II, ifwt would be purely autoregressive, the expected inflation model would imply

a simple ARMA(1,1) reduced form model for inflation.
9 An old debate (see Engle, 1983) focused on the difficulty in fitting the heteroskedasticity in the monthly

inflation process. However, our data are sampled at a quarterly frequency, where the evidence for inflation

heteroskedasticity is weaker.
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capture, and only model IV fails to reject the goodness-of-fit test along this dimension.

To gain more insight in the performance of the models with respect to the inflation

autocorrelogram, Figure 1 graphs the first 10 autocorrelations with two standard error bands

around the estimated autocorrelations. While the stochastic inflation models produce slowly

decaying autocorrelations, the first-order autocorrelation coefficient is far too low in these

models. The mechanical reason for this is that at the estimated parameters, the first-order

correlation coefficient is to a large extent driven byΦww, and we estimate this coefficient to

be only around 0.50. In our other models, the expected inflation process is directly linked to

past inflation and these models fit the autocorrelogram better but still not perfectly. Model III

does well with respect to the first-order autocorrelation, but the serial correlation decays too

fast while Model I does well on higher order autocorrelations by significantly over-fitting the

first-order autocorrelation of the process. Model IV only slightly over-estimates the first-order

autocorrelation and produces slowly decaying autocorrelations that stay within the two standard

error bands throughout (except the 3rd lag autocorrelation). The autocorrelogram of inflation

in the RS models is not only driven by the linear components but also by non-linear Markov

switching components. Consequently, one contribution of allowing for different real rate and

inflation regime variables is a better fit of the autocorrelogram of inflation.

While Model IV is the only model not to reject on any tests, it is informative to consider

how good the fit really is by examining the reported moments in Panel B of Table 2. They

reveal a phenomenal fit. Of the 13 moments reported, Model IV comes within 1 standard error

of 10 data moments, and is within two standard errors of the remaining 3. The close fit with

the moments of the spread is particularly remarkable. Perhaps the worst relative performance

is with respect to the standard deviation of the short rate that the model overestimates by about

0.24%.

4.2 Parameter Estimates

To conserve space, we report the parameter estimates for all the models in the Appendix.

Here we focus on Model IV, the benchmark RS inflation model with independent real rate

and inflation regimes, which is the best performing model.

Table 3 reports the relative contributions of the different factors driving the short rate, long

yield, and term spread and inflation dynamics in the model. The time-varying price of risk factor

q is relatively highly correlated with both inflation and the short rate, but shows little correlation

with the spread. The RS term structure factorf is more highly correlated with the spread, in

absolute value, than with either the short rate or inflation. The factorf is also less variable
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and less persistent thanq. Partly because of this, it does not play a large role in the dynamics

of the real rate, only accounting for 7% of its variation. The most variable factor, however, is

inflation and it accounts for 47% of the variation of the real rate. The model produces a 68%

correlation between inflation and the short rate, which matches the data correlation of 70%

almost perfectly. The table also reports that the model-implied correlation between the 5-year

spread and inflation, which is -37% in the data, is -41%, well within two standard errors of the

data moment.

Table 4 reports some parameter estimates for Models III and IV that illustrate the importance

of regimes and at the same time characterize what differentiates one regime from another. Panel

A reports the benchmark model where real rates and inflation have the same two regimes. The

first real rate regime is characterized by a lowf factor mean and lowf factor standard deviation.

Whereas the means in the two regimes are only significantly different at the 10% significance

level, the standard deviations differ substantially from one another both in economic and

statistical terms. For the inflation process, both the mean and standard deviations differ across

the two regimes, with the difference significant at the 5% level. The first regime has a higher

drift of inflation but lower volatility of innovations in inflation. Finally, the prices of risk for the

f factor are border-line significantly different, at the 5% level, across the two regimes.

In Panel B of Table 4, we estimate separate independent regimes of real rates and inflation.

For thef factor, the inference is the same as in Panel A. However, for the inflation process, there

is now no significant difference across regimes in innovation variances. With four regimes,

heteroskedasticity in inflation does not seem to pose a major issue. This does not mean that

there is no heteroskedasticity in this model. As is well known, the conditional variance of a RS

process (for example, the derivation of the term premium in (17)) embeds a jump term due to

the difference in conditional means in the two regimes (see Gray, 1996). Moreover, thef factor

not only affects the conditional mean of inflation, but also affects the conditional variance,

so that there is heteroskedastic inflation across real rate regimes. Regime differentiation is

much clearer only from the drifts: the first inflation regime is a high inflation regime while the

second inflation regime is a low inflation regime, and the difference in drift is significant at

the 1% level. The two-regime estimation assigns inflation to have different volatilities because

it cannot differentiate between periods of high and volatile real rates and high and volatile

inflation. Finally, the prices of risk for thef factor do not differ significantly across the two

regimes, even though the price of risk is negative in the first regime and significantly positive in

the second regime. Hence, the addition of the separate regimes for real rates and inflation have

important consequences for the behavior of real rates and expected inflation that are not picked

up by restricting the estimation to only one regime variable.
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We next examine the smoothed regime probabilities over the sample period. We start with

the benchmark one regime variable-two regimes model (Model III) in Figure 2, because that

model has been the main focus of the RS literature, applied to nominal interest rates. The

second regime here is a regime of a high mean-high variabilityf factor, but low mean inflation

factor. The high variability regime occurs in 1979-1982 and briefly after the oil shock in the

recession of 1975. This is consistent with other studies. For example, Garcia and Perron (1996)

find that a high inflation regime prevails during from 1973-1982 and that the real rate switches

to a more volatile regime after 1973 to the end of their sample in 1986. The second regime also

aligns exactly with the monetary targeting period from 1979-1982 found by RS studies on the

nominal rate (see Gray, 1996; and Ang and Bekaert, 2002a, for example).

In Figure 3, we plot the smoothed regime probabilities for Model IV, for the two separate

and independent regime variables. The top panel graphs the probability of the real rate regime

being in the high variability-high mean regime. The 1979-1982 period is still associated with

this regime, but it starts a bit later and there is a relapse into this regime around 1985. The

period just prior to the 1960 recession, the 4 years before the 1970 recession, and the two years

before the 1975 recession and the 1975 recession itself are also classified as being in the high

real rate regime. This regime briefly reappears in 1995. Overall the real rate regime variable

spends around 21% of the sample period in the high mean-high variability regime.

The inflation regimes look very different, immediately indicating the potential importance

of separating the real and inflation regime variables. The inflation regime variable is mostly in

regime 1, the high inflation regime, where it spends 78% of the time over the sample. Exceptions

include the period right after the 1955 and 1970 recessions, a brief period between the 1980 and

1982 recessions and a more extensive period in the mid-1980’s and finally the early 1990’s.

Some previous attempts at identifying inflation regimes include Evans and Wachtel (1993) and

Evans and Lewis (1995). However, their inflation model is quite different as it features a random

walk component in one regime (with no drift) and an AR(1) model in the other. The random

walk regime has the most variable innovations and dominates the 1968-1983 period. During

that period, their regime variable makes a few dips that coincide rather well with the dips in our

regime probability of being in the high inflation regime. However, we classify 1955-1968 as a

high inflation regime and they classify this period as a low inflation variability regime.

In Model IV, the two regime variables are independent. As discussed in Section 3.3, we

also estimated RS models with correlated regimes (Cases A and B). The qualitative properties

of all three transition probability matrices are largely the same. In particular, all regimes are

highly persistent, but the persistence decreases going from regime 1 to regime 4. Given the

similarities between the transition probability matrices for Model IV and Cases A and B, it is
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no surprise that a likelihood ratio test fails to reject independence of the two regime variables

from both Cases A and B at the 10% level. Consequently, we focus most of our attention on the

independent regime variable model.

5 The Term Structure of Real Rates and Expected Inflation

Several papers estimating RS models on nominal interest rates and spreads find that a high

interest rate-high variability regime coincides with periods of low or negative term spreads (see

Hamilton, 1988; Sola and Driffill, 1994; and Ang and Bekaert, 2002a). Imposing approximate

no-arbitrage restrictions, Bansal and Zhou (2002) also find that the nominal short rate is higher,

and their nominal term structure factors are more volatile, in one of their two regimes. In our

model, we can decompose this variation of the nominal term structure into its real and inflation

components. In this section, we analyze the implications of the benchmark model for the real

and nominal term structure, and expected inflation.

We summarize the behavior of real short rates, 1-quarter ahead expected inflation and

nominal short rates in Table 5 before examining the term structure of each component in detail.

The first regime is a low real rate-high inflation regime, where we spend 77% of the time. In this

regime, both real rates and inflation are not very volatile. The second regime has a high mean

real short rate (2.20%), combined with low inflation (2.48%). This is similar to regime 4, except

both real rates and inflation are much more volatile in regime 4. Regime 3 has slightly higher

real rates than regime 1, but is still a low real rate regime. However, both real rate and inflation

volatility are high. Regime 3 also has the expected highest inflation mean and volatility.

Hence, we can summarize our regime characteristics as:

Real Rates Inflation % Time

st = 1 sr
t = 1, sπ

t = 1 Low and Stable High and Stable 77%

st = 2 sr
t = 1, sπ

t = 2 High and Stable Low and Stable 10%

st = 3 sr
t = 2, sπ

t = 1 Low and Volatile High and Volatile 11%

st = 4 sr
t = 2, sπ

t = 2 High and Volatile Low and Volatile 2%

All the levels (low or high) and variability (stable or volatile) are relative statements, so caution

must be taken in the interpretation. For example, statistically, the regime-dependent volatility

of inflation does not differ across regimes.

Because of the dependence of the real rate on inflation, the terminology “high and low real

rate regime” based on the regimes inf turns out to be slightly misleading. In fact, the means of

the real rates are driven more by the inflation regime than by anything else. In fact, in regimes 2

and 4, inflation is high but real rates are low. This is because our estimation confirms one of the
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most robust findings in the literature on real rates and inflation. The coefficientδπ is estimated

to be -0.536 (with a standard error of 0.052), inducing a negative covariance between inflation

and real rates. Pennachi (1991), using a two-factor affine model of real rates and inflation, also

finds that real rates and inflation are negatively correlated.

5.1 The Term Structure of Real Rates

We examine the real term structure in Figure 4. To facilitate comparison with the previous

literature, the top panel of Figure 4 graphs the regime-dependent real term structure for the

two-regime benchmark model (Model III). Every point on the curve for regimei represents

the expected real zero coupon bond yield conditional on regimei, (E[ŷn
t (i)|st = i]).10 The

normal regime has a fairly flat, but slightly humped real term structure with a peak at a maturity

around 6 quarters. The second regime has a strongly downward-sloping real yield curve, with

a real short rate of 2.4%. Hence, the behavior uncovered by previous RS models seems to be

primarily driven by real rate variation. Unconditionally, the term structure is also fairly flat,

but is slightly hump-shaped, starting at a rate of about 1.7%, increasing to just over 1.8% at

4-quarters and then declining to around 1.7% at 20-quarters. Our RS term structure model is

very flexible and can easily produce a variety of shapes of the real yield curve, including flat,

inverse-humped, upward-sloping or downward-sloping yield curves. Hence, the estimated flat,

but slight humped-shape, of the real term structure is not due to any restrictions imposed by the

model.

In the bottom panel of Figure 4, we show the real term structure of Model IV. In this model,

regime 1 corresponds to the normal low real rate-high inflation regime. Like Model III in

the top panel, the real term structure is also fairly flat with a slight hump-shape peaking at 4-

quarters. Both regimes 2 and 4, which are the low inflation regimes, have downward sloping

real yield curves but they are not as steep as regime 1 for Model III. Finally, regime 3, a low

real rate-high inflation and volatile regime, has a very humped, non-linear, real term structure.

Unconditionally, the real rate curve does not look very different from that obtained in the two-

regime benchmark model but real rates are, on average, 20 to 30 basis points lower.

The top panel of Figure 5 shows that the real rate shows a lot of short-term variation,

sometimes decreasing and increasing sharply. Although this could be noise, this variation may

have genuine economic causes, for example the action of monetary policy. Note, for example,

the sharp decreases of real rates in the 1958 and 1975 recessions and the sharp increases after

10 It is also possible to compute the more extreme caseE[ŷn
t (i)|st = i, ∀t], that is, assuming that the process

never leaves regimei. These curves have similar shapes to the ones shown in the figures but lie at different levels.
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the two oil shocks. In fact, standard error bands arising from parameter uncertainty (not shown)

are very tight. It is also striking that, consistent with the older literature, real rates are generally

low from the 1950’s until 1980. The sharp increase in the early 1980’s up to almost 8% was

temporary, but it took until the 1990’s before real rates reached the low levels of a little below

2%. This is still slightly higher than the level of the real rate before 1980. In the bottom

panel of Figure 5, we graph the 5-year real rate. Not surprisingly, the 5-year real rate shows

much less variation, but the same secular effects that drive the variation of the short real rate

are visible. Given these patterns, particularly of the real short rate, it is not surprising that the

Garcia-Perron (1996) model, which allowed for a finite number of possible ex-ante real rates,

provided a reasonable fit to the data (up until the end of their sample in 1986), although it is

clear that it misses some important variation and would have a hard time generating the gradual

decrease of real rates since the 1980’s.

Table 6 reports a number of unconditional characteristics of real yields. The unconditional

standard deviation of the real short rate (20-quarter real yield) is 1.60% (0.61%). These

moments solidly reject the hypothesis that the real short rate is constant, but at long horizons

real yields are much more stable. This is clearly shown by the autocorrelations of the real

short rate and 20-quarter real rate, which are 61% and 94%, respectively. The last three

columns of Table 6 show unconditional univariate betas of the real rate with respect to different

components of inflation: inflation itself, expected inflation and unexpected inflation. The results

are intuitive. We find that the link between the real rate and inflation is negative but weak and it

becomes weaker for longer horizons. The correlation between real rates and expected inflation

is insignificantly different form zero except for the very long end of the term structure where

it is indeed significantly negative. Previous studies such as Fama (1975) and Mishkin (1990,

1991), who examine this relationship without imposing no-arbitrage restrictions, find similar

results. However, the pattern is exactly the opposite for real rate betas for unexpected inflation.

When an unexpected shock for inflation hits, it immediately causes the short rate to fall, but it

has little effect on the spread. This makes sense if a large part of the variation in inflation shocks

is indeed transitory.

5.2 The Term Structure of Expected Inflation

Figure 6 graphs actual and expected inflation implied by the model in the top panel and the

inflation (one-step ahead) forecast errors in the bottom panel. Inflation and expected inflation

track each other closely, even when the inflation rate experiences large and sudden movements

such as around 1980. Forecast errors rarely exceed 2% in absolute value and are on average -2
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basis points, so that our model produces unbiased forecast errors. The Root Mean Squared Error

(RMSE) is 1.95% over the full sample. During NBER recessions, the RMSE is considerably

higher at 2.91% but so is actual inflation (at 4.40%). In NBER expansions, the ratio of the

RMSE to inflation volatility is actually worse (the RMSE is 1.66% and actual inflation volatility

is 2.76%). This is because both the high inflation of the 1975-1980 period and the subsequent

disinflation were not entirely expected. We defer a more detailed analysis of the inflation

forecasting performance of our model to future work.

In Table 7, we report some characteristics of expected inflation, also differentiating the

moments across regimes. The first inflation regime,sπ
t = 1 is a high inflation regime with a

mean of 4.22% as opposed to 2.54% in the second inflation regime. If we look at expected

inflation across the real rate regimes, the first real rate regimesr
t = 1 (where the real rate is

stable), is associated with lower expected inflation, 3.96%, than the second real rate regime

(where the real rate is volatile) at 4.42%. However, we observe an unconditional real rate

beta with respect to inflation of close to zero from Table 6. The reason is because the real

rate regimesr
t = 1 (sr

t = 2) integrates inflation overst = 1, 2 (st = 3, 4), where the regime-

dependent means of the real rate are 4.16% and 2.20% (1.50% and 2.28%), producing a very flat

unconditional response. Hence, the unconditional real rate beta clouds the regime-dependent

relationship.

Looking at the standard deviation of expected inflation across regimes, we clearly see

that the inflation regimes are not differentiated according to the standard deviation dimension

with inflation regimes. (The standard deviation in both regimessπ
t = 1, 2 is around 2.84%.)

However, if we look at expected inflation rates in different real rate regimes, there is a clear

difference in volatility, where the standard deviation of expected inflation whensr
t = 1 (sr

t = 2)

is 2.84% (3.22%). Hence, the real rate factor introduces heteroskedasticity into the inflation

rate regimes.

Perhaps the most striking feature in Table 7 is the upward sloping term structure of expected

inflation in all regimes. In particular, the expected inflation spread is 91 basis points in the

first inflation regime and 146 basis points in the second inflation regime. While the benchmark

model with independent real rate and inflation regimes fits the data on many dimensions, one

area of discrepancy is comparing the stable probabilities of the estimation with the actual time

spent in these regimes in data. The way the model generates the upward sloping term structure

of expected inflation is through this discrepancy between the stable probabilities and the actual

time spent in the regimes in the sample.

In population, the regime variable is 77% of the time in the first regime (low real rate-high

inflation regime), 10% of the time in the second regime (high real rate-low inflation), 11% of the
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time in the third regime (low real rate-high inflation) and 2% of the time in regime 4 (high real

rate-low inflation). In the sample, the actual times spent in each regime are 66%, 16%, 12%,

6%, respectively. Hence, regimes 2 and 4, the low inflation regimes, are visited more often in

the sample than in population. This may reflect a mis-specification in the model by assuming

the price of inflation risk is zero. However, it also may reflect a Peso problem, in that people are

genuinely expecting higher inflation, which has not occurred often enough during the sample.

5.3 Nominal Term Structure

In their two regime model, Bansal and Zhou (2000) show that one regime displays the normal

situation of an upward sloping nominal yield curve and the other regime displays a fairly flat

nominal yield curve. The top panel of Figure 7 confirms this pattern for Model III, which

features only two regimes. However, the much better performing Model IV, shown in the bottom

panel of Figure 7, with four regimes, does not produce a downward-sloping nominal yield curve

in any regime. Recall that in some regimes the real rate curve is downward sloping, but the

upward sloping term structure of expected inflation completely counteracts this effect.

For Model IV, the first regime (low real rate-high inflation regime) displays a nominal yield

curve that is nicely upward sloping, with the slope flattening out for longer maturities, matching

the unconditional term structure and the data almost exactly. In the second regime, where the

inflation drift is lower, the yield curve is steeply upward sloping but rates are lower than in

the first regime because of lower expected inflation. In the third regime, the term structure is

steeply upward sloping at the short end but then becomes flat and slightly downward sloping

for maturities extending beyond 6 quarters. Nominal interest rate are the highest in this regime

because of high-expected inflation in this regime, since real rates are about the same level in

this regime as they are in regime 1. In the 4th regime, the term structure is J-shaped with rates

below the unconditional curve. This is a regime where the real interest rate curve is downward

sloping, but at a high level. Inflation, however, is low in this regime, making nominal yields

low, and is upward sloping, which starts to counteract the downward real slope at maturities

longer than 1 year, causing the slight dip between 1 and 4-quarters.

Interest rates are often associated with the business cycle. According to the conventional

wisdom, interest rates are procyclical and spreads countercyclical (see, for example, Fama,

1990). Table 8 shows that this is incorrect. In fact, interest rates are overall larger during

recessions. However, when we focus on real rates, the conventional story is right. This can only

be the case if expected inflation is countercyclical and as the table shows it is indeed counter-

cyclically quite strongly, with expected inflation reaching 5.05% in recessions but only 3.66%
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in expansions.

One interesting fact that Table 8 illustrates is that recessions are characterized by more

uncertainty, in the sense that all interest rates, spreads and inflation are more volatile in

recessions than they are in expansions. Whereas these are simply empirical facts, our model

shows that this is also the case for real rates, real rate spreads and expected inflation spreads.

The final line of the table shows that expansions are associated more withst = 1, the normal

low real rate-high inflation regime, but a fair number of excursions to the other regimes also

occur. Recessions are more associated with regimesst = 2 to 4, where real rates and inflation

are much more volatile.

5.4 Variance Decompositions

Table 9 reports the variance decomposition (18) of the nominal yield into real and expected in-

flation variation produced by Model IV. It also reports the variance decompositions conditional

on the observed regime. We compute real rates at each point in time for our sample and then

define expected inflation as the difference between the nominal rate and the real rate. To obtain

regime-dependent moments, all observations are classified as part of a regime and then small

sample counterparts to the statistics in (18) are computed.11

The results are striking: expected inflation accounts for about 78% of the total variance

of nominal rates, with this proportion only slightly lower for longer maturities. This is at

odds with the folklore wisdom that expected inflation primarily affects long-term bonds (see,

among others, Fama, 1975; and Mishkin, 1981). However, this result is consistent with the

result in Pennacchi (1991), who uses a two-factor affine model (of real rates and inflation),

identifying expected inflation from survey data. The decomposition shows interesting behavior

across regimes. In the first and most frequently occurring regime (low real rates, high inflation),

expected inflation is very important, accounting for 91% of the variation in the short real rate,

but it is actually less important at the long end accounting for 78% of total nominal long rate

variation. In the two regimes with high real rate volatility (st = 3, 4), the decomposition is not

too different from the unconditional decomposition. The regime that delivers a decomposition

markedly different form the unconditional average is the second regime (high and stable real

rates, low and low and stable inflation). In this regime, at the short end of the nominal yield

curve, only 56% of short rate variation is driven by expected inflation but close to 75% of long

rate variation is accounted for by expected inflation. In other words, the conventional wisdom

11 An alternative way of computing these statistics is to compute population moments. The population statistics

are quite similar to the small sample statistics.
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regarding the importance of inflation shocks for the term structure only occurs in environments

with high real rates and low inflation, such as the mid-1980’s prior to 1987 and the early 1990’s.

5.5 Extracting Real Rates and Expected Inflation with Other Models

We put a lot of effort in formulating a model that fits the data well along as many dimensions as

possible, which led to the choice of Model IV. This effort was grounded in the intuition that the

selection of the correct model would have important implications for the identification of real

rates and expected inflation. In this section, we demonstrate that this is indeed the case. Table

10 reports an analysis of real rates and expected inflation produced by other models compared to

Model IV. On average, all the models produce similar average real rates and expected inflations,

with the differences becoming slightly larger for the 20-quarter rates in both cases. The models

with 4 regimes produce remarkably close average rates. Likewise, the average errors are never

larger than 12.5 basis points for the one quarter rates, but the single regime models generate real

rates and expected inflation rates over 20 quarter horizons that differ by an average of 40 to 50

basis points from the Model IV rates.

However, in Table 10, it is the range of errors that is most striking, reaching multiple

percentage points for many models. In particular, the models with stochastic expected inflation

(Models V and VI) have a wide range of quite different predictions for real rates and expected

inflation. Not surprisingly, the models that only extended Model IV to a more general transition

probability matrix structure (Models IVa and IVb) imply very similar real rate and expected

inflation behavior. Perhaps, the best way to summarize the differences is to investigate the

RMSE of the real rate and expected inflation predictions of the various models relative to

Model IV. For these closely related models, the RMSE never exceeds 10 basis points. This

not surprising given that we cannot statistically reject the independence of the real and inflation

regimes. The stochastic inflation models generate RMSE’s for both one-quarter real rates and

expected inflation in excess of 1%. These numbers are slightly smaller for the 20-quarter

horizon, where they hover around 70 basis points. For the other models, the RMSE’s actually

increase with horizon and are also fairly large.

6 Conclusion

In this article, we develop three and four factor models of the term structure that embed regime

switches in both real and nominal factors, with time-varying price of risks. We compare the

performance of these models to their affine counterparts. The model that provides the best
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fit with data is a three-factor model with independent regimes for a real factor and inflation.

This four-regime model is substantially different in its implications for the term structure

than the standard two-regime model. We cannot reject that the real and inflation regimes are

independent, but this is likely due to other non-regime channels between real rates and inflation.

For example, inflation enters with a significantly negative coefficient of -0.523 in the real short

rate equation.

Because the model fits the data so well, we use it to extract real rates and expected inflation.

We find that the real rate curve is fairly flat but slightly humped, with an average real rate of

1.44% and a 20-quarter spread of not even 2 basis points. The real rate has a variability of

1.60% and has an autocorrelation of 61%. In one regime, the real rate curve is even steeply

downward sloping. The nominal term spread is positive in the data and the model fits this

through generating an upward sloping terms structure of expected inflation. This likely reflects

an inflation risk premium, an issue we are currently examining.

The standard view that interest rates are pro-cyclical and spreads counter-cyclical is

typically based on real economic effects. However, in the data, nominal interest rates are

counter-cyclical. Our model generates real rates that entirely consistent with the standard view.

Interestingly, although lower, real rates are substantially more variable in recessions. Finally,

our model is not consistent with the folklore wisdom that expected inflation primarily drives

long term nominal yields. We find that expected inflation accounts for 75% of the variation in

nominal yields at both short and long maturities.

Our work here is only the beginning of a research agenda. First, our model uses term

structure information in an efficient way to generate expected inflation. Hence, it is likely

that this may be a good candidate as an inflation-forecasting model. Simple approaches that

use term structure information without no-arbitrage restrictions to forecast inflation have not

proved successful (see Stock and Watson, 2003). Second, our model would allow us to link

the often discussed deviations from the Expectations Hypothesis (Campbell and Shiller, 1991,

for example) to deviations from the Fisher hypothesis (Mishkin, 1992). Finally, although we

have made one step in the direction of identifying the economic sources of regime switches

in interest rates, more could be done. In particular, a more explicit examination of the role of

business cycle variation and changes in monetary policy as sources of the regime switches is an

interesting topic for further research.
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Appendix

A Modelling Separate Real Rate and Inflation Regimes
We detail the independent and correlated real rate and inflation regime specifications (Cases A and B) of Section
3.3. Table A-4 reproduces the4× 4 transition probability matrices implied by the independent model and Cases A
and B.

Independent Regimes
Equation (8) gives rise to a restricted transition probability matrixΠ0:

[st+1 = 1] [st+1 = 2] [st+1 = 3] [st+1 = 4]
[st = 1] prpπ pr (1− pπ) (1− pr) pπ (1− pr) (1− pπ)
[st = 2] pr (1− qπ) prqπ (1− pr) (1− qπ) (1− pr) qπ

[st = 3] (1− qr) pπ (1− qr) (1− pπ) qrpπ qr (1− pπ)
[st = 4] (1− qr) (1− qπ) (1− qr) qπ qr (1− qπ) qrqπ

(A-1)

Case A
In (9), we parameterizePr

[
sr

t+1 = j|sπ
t+1 = k, sr

t = m
]

asp“j”,“m”, where:

j =
{

A if sr
t+1 = sπ

t+1 = 1
B if sr

t+1 = sπ
t+1 = 2

m =
{

A if sr
t = 1

B if sr
t = 2.

The “j”-component captures (potentially positive) correlation between inflation and real rate regimes. The “m”-
component captures persistence in real rate regimes.

With this notation, the transition probability matrixΠ1 assumes the form:

[st+1 = 1] [st+1 = 2] [st+1 = 3] [st+1 = 4]
[st = 1] pAApπ

(
1− pBA

)
(1− pπ)

(
1− pAA

)
pπ pBA (1− pπ)

[st = 2] pAA (1− qπ)
(
1− pBA

)
qπ

(
1− pAA

)
(1− qπ) pBAqπ

[st = 3] pABpπ
(
1− pBB

)
(1− pπ)

(
1− pAB

)
pπ pBB (1− pπ)

[st = 4] pAB (1− qπ)
(
1− pBB

)
qπ

(
1− pAB

)
(1− qπ) pBBqπ

(A-2)

This model has four additional parameters relative to the benchmark model. We can test the null of independent
real rate and inflation regimes versus correlated regimes by:

H0 : pBA = 1− pAA andpBB = 1− pAB .

Case B
In (10), we parameterizePr

[
sπ

t+1 = k|sr
t = m, sπ

t = n
]

asp“j”,“m”, where:

j =
{

A if sπ
t+1 = sr

t = 1
B if sπ

t+1 = sr
t = 2

m =
{

A if sπ
t = 1

B if sπ
t = 2.
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Then the transition probability matrixΠ2 assumes the form:

[st+1 = 1] [st+1 = 2] [st+1 = 3] [st+1 = 4]
[st = 1] prpAA pr

(
1− pAA

)
(1− pr)

(
1− pBA

)
(1− pr) pBA

[st = 2] prpAB pr
(
1− pAB

)
(1− pr)

(
1− pBB

)
(1− pr) pBB

[st = 3] (1− qr) pAA (1− qr)
(
1− pAA

)
qr

(
1− pBA

)
qrpBA

[st = 4] (1− qr) pAB (1− qr)
(
1− pAB

)
qr

(
1− pBB

)
qrpBB

(A-3)

We refer to this parameterization as the partially-correlated regimes Case B. We can test Case B against the null of
the independent model by:

H0 : pBA = 1− pAA andpBB = 1− pAB .

B Real Bond Prices
Let N1 be the number of unobserved state variables in the model (N1 = 3 for the stochastic inflation model,
N1 = 2 otherwise) andN = N1 + 1 be the total number of factors including inflation. The following proposition
describes how our model implies closed-form real bond prices.

Proposition B.1 Let Xt = (qt ft πt)′ or Xt = (qt ft wt πt)′ follow (1), with the real short rate (3) and real
pricing kernel (5) with prices of risk (6). The regimesst follow a Markov chain with transition probability matrix
Π = {pij}. Then the real zero coupon bond price for periodn conditional on regimei, P̂n

t (st = i), is given by:

P̂n
t (i) = exp(Ân(i) + B̂nXt). (B-1)

The scalarÂn(i) is dependent on regimest = i andB̂n is a1×N vector that is partitioned aŝBn = [B̂nq B̂nx],
whereB̂nq corresponds to theq variable andB̂nx corresponds to the other variables inXt. The coefficientŝAn(i)
andB̂n are given by:

Ân+1 (i) =−
(
δ0 + B̂′

nqσqγ0

)
+ log

∑

j

πij exp
(

Ân (j) + B̂nµ (j)

− B̂nxΣx (j)λ (j) +
1
2
B̂nΣ(j)Σ (j)′ B̂′

n

)

B̂n+1 =− δ′1 + B̂nΦ− B̂nqσqγ1e
′
1, (B-2)

whereei denotes a vector of zero’s with a 1 in theith place andΣx(i) refers to the lowerN1 × N1 matrix of of
Σ(i) corresponding to the non-qt variables inXt. The starting values for̂An(i) andB̂n are:

Â1 (i) = −δ0

B̂1 = −δ′1. (B-3)

Proof:

We first derive the initial values in (B-3):

P 1
t (i) =

∑

j

pijEt

[
M̂t+1|St+1 = j

]

=
∑

j

pij exp
(
−rt − 1

2
λt (j)′ λt (j)− λt (j)′ εt+1

)

= exp (−δ0 − δ′1Xt) (B-4)

Hence:
P̂ 1

t (i) = exp(Â1(i) + B̂1Xt),
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whereA1(i) andB1 take the form in (B-3).
We prove the recursion (B-2) by induction. We assume that (B-1) holds for maturityn and examinêPn+1

t (i):

P̂n+1
t (i) =

∑

j

pijEt exp
[
−rt − 1

2
λt (j)′ λt (j)− λt (j)′ εt+1 + Ân (j) + B̂nXt+1

]
,

=
∑

j

pijEt exp
[
−δ0 − δ′1Xt − 1

2
λt (j)′ λt (j)− λt (j)′ εt+1 + Ân (j)

+B̂n (µ (j) + ΦXt + Σ(j) εt+1)
]

(B-5)

Evaluating the expectation, we have:

P̂n+1
t (i) =

∑

j

pij exp
[
−δ0 − δ′1Xt − 1

2
λt (j)′ λt (j) + Ân (j) + B̂nµ (j)

+B̂nΦXt +
1
2

(
B̂nΣ (j)− λt (j)′

)(
B̂nΣ(j)− λt (j)′

)′]

=exp
[
−δ0 +

(
B̂nΦ− δ′1

)
Xt

]

×
∑

j

pij exp
[
Ân (j) + B̂nµ (j)− B̂nΣ(j)λt (j) +

1
2
B̂nΣ(j)Σ (j) B̂′

n

]
(B-6)

But we can write:

B̂nΣ (j) λt (j) = [B̂nq B̂nx]
[

σq (γ0 + γ1e
′
1Xt)

Σx (j) λ (j)

]

= B̂nqσq (γ0 + γ1e
′
1Xt) + B̂nxΣx (j)λ (j) . (B-7)

Expanding and collecting terms, we can write:

P̂n
t (i) = exp(Ân(i) + B̂nXt),

whereÂn(i) andB̂n take the form of (B-2).¥

C Nominal Bond Prices
Proposition C.1 Let Xt = (qt ft πt)′ or Xt = (qt ft wt πt)′ follow (1), with the real short rate (3) and real
pricing kernel (5) with prices of risk (6). The regimesst follow a Markov chain with transition probability matrix
Π = {pij}. Then the nominal zero coupon bond price for periodn conditional on regimei, Pn

t (st = i), is given
by:

Pn
t (i) = exp(An(i) + BnXt), (C-1)

where the scalarAn(i) is dependent on regimest = i andBn is anN × 1 vector:

An+1(i) =− (
δ0 + B′

nqσqγ0

)
+ log

∑

j

πij exp
(

An (j) + (Bn − e′N )µ (j)

− (
Bnx − e′N1

)
Σx (j)λ (j) +

1
2

(Bn − e′N )Σ (j)Σ (j) (Bn − e′N )′
)

Bn+1 =− δ′1 + (Bn − e′N )Φ−Bnqσqγ1e
′
1, (C-2)

whereei denotes a vector of zero’s with a 1 in theith place,A(i) is a scalar dependent on regimest = i, Bn is a
row vector, which is partitioned asBn = [Bnq Bnx], whereBnq corresponds to theq variable andΣx(i) refers to
the lowerN1 × N1 matrix of ofΣ(i) corresponding to the non-qt variables inXt. The starting values forAn(i)
andBn are:

A1 (i) = −δ0 + log
∑

j

πij exp
(
−e′Nµ (j) +

1
2
e′NΣ(j)Σ (j)′ eN + e′N1

Σx (j)λ (j)
)

B1 = − (δ′1 + e′NΦ) . (C-3)
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Proof:

We first derive the initial values (C-3) by directly evaluating:

P 1
t (i) =

∑

j

pijEt

[
M̂t+1|St+1 = j

]

=
∑

j

pij exp
(
−rt − 1

2
λt (j)′ λt (j)− λt (j)′ εt+1 − e′N (µ (j) + ΦXt + Σ(j) εt+1)

)

= exp (−δ0 − δ′1Xt − e′NΦXt)

×
∑

j

pij exp
(
−e′Nµ (j)− e′NΣ(j) εt+1 − 1

2
λt (j)′ λt (j)− λt (j)′ εt+1

)

= exp (−δ0 − δ′1Xt − e′NΦXt)

×
∑

j

pij exp
(
−e′Nµ (j) +

1
2
e′NΣ(j)Σ (j)′ eN + e′NΣ(j)λt (j)

)
. (C-4)

Note thate′NΣ(j)λt(j) = e′N1
Σx(j)λ(j). Hence:

P 1
t (i) = exp (A1 (i) + B1Xt)

whereA1(i) andB1 are given by (C-3).
To prove the general recursion we use proof by induction:

Pn+1
t (i) =

∑

j

pijEt

[
exp

(
−rt − 1

2
λt (j)′ λt (j)− λt (j)′ εt+1 − e′NXt+1

)

exp (An (j) + BnXt+1)
]

=
∑

j

pijEt

[
exp

(
−δ0 − δ′1Xt − 1

2
λt (j)′ λt (j)− λt (j)′ εt+1 + An (j)

+ (Bn − e′N ) (µ (j) + ΦXt + Σ (j) εt+1)
)]

=
∑

j

pij exp
(
−δ0 − δ′1Xt − 1

2
λt (j)′ λt (j) + An (j) + (Bn − e′N )µ (j)

+ (Bn − e′N )ΦXt +
1
2

(
(Bn − e′N )Σ (j)− λt (j)′

) (
(Bn − e′N )Σ (j)− λt (j)′

)′)

=exp (−δ0 + ((Bn − e′N )Φ− δ′1)Xt)
∑

j

pij exp
(

An (j) + (Bn − e′N ) µ (j)

− (Bn − e′N )Σ (j) λt (j) +
1
2

(Bn − e′N )Σ (j)Σ (j) (Bn − e′N )′
)

(C-5)

Now note that:

(Bn − e′N )Σ (j) λt (j) = (Bn − e′N )
[

σq (γ0 + γ1e
′
1Xt)

Σx (j) λ(j)

]

=
[

Bnq

Bnx − e′N1

] [
σq (γ0 + γ1e

′
1Xt)

Σx (j)λ(j)

]

= Bnqσq (γ0 + γ1e
′
1Xt) +

(
Bnx − e′N1

)
Σx (j) λ(j) (C-6)

whereBn = [Bnq Bnx].
Hence, collecting terms and substituting (C-6) into (C-5), we have:

Pn+1
t (i) = exp [An+1 (i) + Bn+1Xt] ,
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where:An(i) andBn are given by (C-2).
Note that theAn(i) term allows for an inflation premium, captured throughΣx(st) andλ(st), but this is zero

under our formulation.¥

D Likelihood Function
We specify the set of nominal yields without measurement error asY1t (N1 × 1) and the remaining yields asY2t

(N2 × 1). The complete set of yields are denoted asYt = (Y ′
1t Y ′

2t)
′.

Given the expression for nominal yields in (15), the yields observed without error and inflation,Zt = (πtY
′
1t)

′,
have the form:

Zt = A1(st) + B1Xt, (D-1)

where:

A1(st) =
[An(st)

0

]
B1 =

[Bn

e′N

]
, (D-2)

whereAn(st) is theN1 × 1 vector stacking the−An(st)/n terms for theN1 yields observed without error, and
Bn is aN1 × N matrix which stacks the−Bn/n vectors for the two yields observed without error. Then we can
invert for the unobservable factors:

Xt = B−1(Zt −A1(st)) (D-3)

Substituting this into (D-1) and using the dynamics ofXt in (1), we can write:

Zt = c(st, st−1) + ΨZt−1 + Ω(st)εt, (D-4)

where:

c(st, st−1) = A1(st) + B1µ(st)− B1ΦB−1
1 A1(st−1)

Ψ = B1ΦB−1
1

Ω(st) = B1Σ(st)

Note that our model implies a RS VAR for the observable variables with complex cross-equation restrictions.
The yieldsY2t observed with error have the form:

Y2t = A2(st) + B2Xt + ut, (D-5)

whereA2 andB2(st) follow from Proposition C.1 andu is the measurement error,ut ∼ N(0, V ), whereV is a
diagonal matrix. We can solve forut in equation (D-5) using the inverted factor process (D-3). We assume thatut

is uncorrelated with the errorsεt in (1).
Following Hamilton (1994), we redefine the statess∗t to count all combinations ofst and st−1, with the

corresponding re-defined transition probabilitiesπ∗ij = p(s∗t+1 = i|s∗t = j). We re-write (D-4) and (D-5) as:

Zt = c(s∗t ) + ΨZt−1 + Ω(s∗t )εt, (D-6)
Y2t = A2(s∗t ) + B2Xt + ut.

Now the standard Hamilton (1989 and 1994) and Gray (1996) algorithms can be used to estimate the likelihood
function. Since (D-6) gives us the conditional distributionf(πt, Y

1
t |s∗t = i, It−1), we can write the likelihood as:

L =
∏

t

∑

s∗t

f(πt, Y
1
t , Y 2

t |s∗t , It−1)Pr(s∗t |It−1)

=
∏

t

∑

s∗t

f(Zt|s∗t , It−1)f(Y 2
t |πt, Y1t, s

∗
t , It−1)Pr(s∗t |It−1) (D-7)

where:

f(Zt|s∗t , It−1) = (2π)−(N1+1)/2|Ω(s∗t )Ω(s∗t )
′|−1/2

exp
(
−1

2
(Zt − c(s∗t )−ΨZt−1)′[Ω(s∗t )Ω(s∗t )

′]−1(Y2t − c(s∗t )−ΨZt−1)
)
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is the probability density function ofZt conditional ons∗t and

f(Y2t|πt, Y1t, s
∗
t , It−1) =

(2π)−N2/2|V |−1/2 exp
(
−1

2
(Y2t −A2(s∗t )− B2Xt)′V −1(Y2t −A2(s∗t )− B2Xt

)

is the probability density function of the measurement errors conditional ons∗t .
The ex-ante probabilityPr(s∗t = i|It−1) is given by:

Pr(s∗t = i|It−1) =
∑

j

π∗jiPr(s∗t−1 = j|It−1), (D-8)

which is updated using:

Pr(s∗t = j|It) =
f(Zt, s

∗
t = j|It−1)

f(Zt|It−1)

=
f(Zt|s∗t = j, It−1)Pr(s∗t = j|It−1)∑
k f(Zt|s∗t = k, It−1)Pr(s∗t = k|It−1)

E Computing Moments of the Regime-Switching Model
The formulae given here assume that there areK regimesst = 1, . . .K.

Conditional First Moments E(Xt|st)

Starting from (1), and taking expectations conditional onst+1, we have:

E(Xt+1|st+1) = E(µ(st+1)|st+1) + ΦE(Xt|st+1) (E-1)

To evaluateE(Xt|st+1) we use Bayes Rule:

E(Xt|st+1 = i) =
K∑

j=1

E(Xt|st = j)Pr(st = j|st+1 = i). (E-2)

The probabilityPr(st = j|st+1 = i) is the transition probability of the ‘time-reversed’ Markov chain that moves
backward in time. These backward transition probabilities are given by:

Pr(st = j|st+1 = i) , bij = pji

(
πj

πi

)
,

wherepji = Pr(st+1 = i|st = j) are the forward transition probabilities in (4) andπi = Pr(st = i) is the stable
probability of regimei. Denote the backward transition probability matrix asB = {bij}

Using the backward transition probabilities, (E-1) can be rewritten:

E(Xt+1|st+1 = i) = µ(i) + Φ
K∑

j=1

E(Xt|st = j)bji. (E-3)

Assuming stationarity, that isE(Xt+1|st+1 = i) = E(Xt|st = i), and defining theK × 1 vectors:

~E(Xt|st) =




E(Xt|st = 1)
...

E(Xt|st = K)


 and ~µ(st) =




µ(1)
...

µ(K)


 ,

we can write:
~E(Xt|st) = ~µ(st) + Φ~E(Xt|st)B′.
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Hence, we can solve for~E(Xt|st) as:

~E(Xt|st) = (I −B ⊗ Φ)−1~µ(st) (E-4)

Conditional Second MomentsE(XtX
′
t|st)

Starting from (1), we can write:

Xt+1X
′
t+1 = (µ(st+1) + ΦXt + Σ(st+1)εt+1)(µ(st+1) + ΦXt + Σ(st+1)εt+1)′, (E-5)

and taking expectations conditional onst+1, we have:

E(Xt+1X
′
t+1|st+1) = µ(st+1)µ(st+1)′ + Σ(st+1)Σ(st+1)′

+ µ(st+1)(ΦE(Xt|st+1)′ + ΦE(Xt|st+1)µ(st+1)′ + ΦE(XtXt|st+1)Φ′. (E-6)

We can evaluate the termE(Xt|st+1) from (E-2). Hence, we can define anN ×N matrixG(i):

G(i) = µ(i)µ(i)′ + Σ(i)Σ(i)′ + µ(i)(ΦE(Xt|st+1 = i)′ + ΦE(Xt|st+1 = i)µ(i)′. (E-7)

Substituting (E-7) into (E-6) and using Bayes’ Rule, we have:

E(Xt+1X
′
t+1|st+1 = i) = G(i) +

K∑

j=1

Φ[E(XtX
′
t|st = j)Pr(st = j|st+1 = i)]Φ′

= G(i) +
K∑

j=1

bijΦE(XtX
′
t|st = j)Φ′

Taking vec’s of both sides, we obtain:

vec(E(Xt+1X
′
t+1|st+1 = i)) = G(i) + (Φ⊗ Φ)

K∑

j=1

vec(E(Xt+1X
′
t+1|st+1 = i))bij (E-8)

If we define theKN2 × 1 vectors:

~E(XtX
′
t|st) =




vec(E(Xt+1X
′
t+1|st+1 = 1))
...

vec(E(Xt+1X
′
t+1|st+1 = K))


 and ~G =




vec(G(1))
...

vec(G(K))




we can write (E-8) as:
~E(XtX

′
t|st) = ~G + (Φ⊗ Φ)~E(XtX

′
t|st)B′.

Hence, we can solve for~E(XtX
′
t|st) as:

~E(XtX
′
t|st) = (IKN2 −B ⊗ (Φ⊗ Φ))−1 ~G. (E-9)

Unconditional Moments

The first unconditional momentE(Xt) is solved simply by taking unconditional expectations of (1), giving

E(Xt) = (I − Φ)−1
K∑

i=1

πiµ(i). (E-10)
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To solve the second unconditional moment var(Xt), we use:

var(Xt) = E(XtX
′
t)− E(Xt)E(Xt)′

= E(E(XtX
′
t|st))− E(Xt)E(Xt)′

=
K∑

i=1

{var(Xt|st = i) + E(Xt|st = i)E(Xt|st = i)′}πi − E(Xt)E(Xt)′ (E-11)

Moments of Yields

Bond yields are affine functions ofXt, from Propositions B.1 and C.1. Hence, they can be written asYt = A+BXt

for some choice ofA andB. Then, moments ofYt are given by:

E(Yt|st) = A + BE(Xt|st)

var(Yt|st) = Bvar(Xt|st)B′ (E-12)

E(Yt) = A + BE(Xt)

var(Yt) = Bvar(Xt)B′ (E-13)

34



References
[1] Aı̈t-Sahalia, Y., 1996, “Testing Continuous-Time Models of the Spot Interest Rate,”Review of Financial

Studies, 9, 2, 385-426.

[2] Ang, A and M. Piazzesi, 2002, “A No-Arbitrage Vector Autoregression of Term Structure Dynamics with
Macroeconomic and Latent Variables,” forthcomingJournal of Monetary Economics.

[3] Ang, A., and G. Bekaert, 2002a, “Regime Switches in Interest Rates,”Journal of Business and Economic
Statistics, 20, 163-182.

[4] Ang, A., and G. Bekaert, 2002b, “Short Rate Nonlinearities and Regime Switches,”Journal of Economic
Dynamics and Control, 26, 7-8, 1243-1274

[5] Bansal, R., and H. Zhou, 2002, “Term Structure of Interest Rates with Regime Shifts,”Journal of Finance,
57, 5, 1997-2043.

[6] Barr, D. G., and J. Y. Campbell, 1997, “Inflation, Real Interest Rates, and the Bond Market: A Study of UK
Nominal and Index-Linked Government Bond prices,”Journal of Monetary Economics, 39, 361-383.

[7] Bekaert, G., and C. R. Harvey, 1997, “Emerging Equity Market Volatility,”Journal of Financial Economics,
43, 1, 29-77.

[8] Bekaert, G., R. Hodrick, and D. Marshall, 2001, “Peso Problem Explanations for Term Structure Anomalies,”
Journal of Monetary Economics, 48, 2, 241-270.

[9] Boudoukh, J., 1993, “An Equilibrium-Model of Nominal Bond Prices with Inflation-Output Correlation and
Stochastic Volatility,”Journal of Money Credit and Banking, 25, 3, 636-665.

[10] Buraschi, A. and A. Jiltsov, 2002, “How Large is the Inflation Risk Premium in US Nominal Term Structure,”
working paper, London Business School.

[11] Burmeister, E., K. Wall, and J. Hamilton, 1986, “Estimation of Unobserved Expected Monthly Inflation using
Kalman Filtering,”Journal of Business and Economic Statistics, 4, 147-160.

[12] Campbell, J. Y., and R. J. Shiller, 1991, “Yield Spreads and Interest Rate Movements: A Bird’s Eye View,”
Review of Economic Studies, 58, 495-514.

[13] Chen, R. R., and L. Scott, 1993, “Maximum Likelihood Estimation for a Multi-factor Equilibrium Model of
the Term Structure of Interest Rates,”Journal of Fixed Income, 3, 14-31.

[14] Cochrane, J., and M. Piazzesi, 2002, “Bond Risk Premia,” NBER working paper 9178.

[15] Dai, Q., and K. Singleton, 2000, “Specification Analysis of Affine Term Structure Models,”Journal of
Finance, 55, 5, 1943-1978.

[16] Dai, Q., and K. Singleton, 2002, “Expectation Puzzles, Time-Varying Risk Premia, and Affine Models of the
Term Structure,”Journal of Financial Economics, 63, 415-41.

[17] Dai, Q., and K. Singleton, 2003, “Term Structure Dynamics in Theory and Reality,” forthcomingReview of
Financial Studies.

[18] Diebold, F., J. Lee, and G. Weinbach, 1994, “Regime Switching with Time-Varying Transition Probabilities,”
in Hargreaves, C., (ed.) Nonstationary Time Series Analysis and Cointegration (Advanced Texts in
Econometrics, Granger, C. W. J., and G. Mizon, eds.), 283-302, Oxford University Press.

[19] Engle, R. F., 1983, “Estimates of the Variance of U.S. Inflation based upon the ARCH Model,”Journal of
Money, Credit and Banking, 15, 286-301.

[20] Evans, M. D. D., 1998, “Real Rates, Expected Inflation, and Inflation Risk Premia,”Journal of Finance, 53,
1, 187-218.

[21] Evans, M. D. D., 1999, “Looking Behind the U.K. Term Structure: Were there Peso Problems in Inflation?,”
working paper, Georgetown University.

[22] Evans, M. D. D., and K. Lewis, 1995, “Do Expected Shifts in Inflation Affect Estimates of the Long-Run
Fisher Relation,”Journal of Finance, 50, 1, 225-253.

[23] Evans, M. D. D., and P. Wachtel, 1993, “Inflation Regime and the Sources of Inflation Uncertainty,”Journal
of Money, Credit and Banking, 25, 3, 1993.

35



[24] Fama, E. F., 1975, “Short-term Interest Rates as Predictors of Inflation,”American Economic Review, 65, 3,
269-282.

[25] Fama. E. F., 1990, “Term-structure Forecasts of Interest Rates, Inflation and Real Returns,”Journal of
Monetary Economics, 25, 59-76.

[26] Fama, E. F., and M. Gibbons, 1982, “Inflation, Real Returns and Capital Investment,”Journal of Monetary
Economics, 9, 297-323.

[27] Fisher, M., 1998, “A Simple Model of the Failure of the Expectations Hypthesis,” working paper, Federal
Reserve Bank of Atlanta.

[28] Garcia, R. and P. Perron, 1996, “An Analysis of the Real Interest Rate under Regime Shifts,”Review of
Economics and Statistics, 78, 1, 111-125.

[29] Gray, S. F., 1996, “Modeling the Conditional Distribution of Interest Rates as a Regime-Switching Process,”
Journal of Financial Economics, 42, 27-62.

[30] Hamilton, J., 1985, “Uncovering Financial Market Expectations of Inflation,”Journal of Political Economy,
93, 1224-1241.

[31] Hamilton, J., 1988, “Rational-Expectations Econometric Analysis of Changes in Regime: An Investigation
of the Term Structure of Interest Rates,”Journal of Economic Dynamics and Control, 12, 385-423.

[32] Hamilton, J., 1989, “A New Approach to the Economic Analysis of Nonstationary Time Series and the
Business Cycle,”Econometrica, 57, 357-384.

[33] Hamilton, J., 1994,Time Series Analysis, Princeton University Press, New Jersey.

[34] Huizinga, J., and F. Mishkin, 1986, “Monetary Policy Regime Shifts and the Unusual Behavior of Real
Interest Rates”,Carnegie-Rochester Conference Series on Public Policy, 24, 231-74.

[35] Kim, C. J., and C. R. Nelson, 1999,State-Space Models with Regime Switching: Classical and Gibbs-
Sampling Approaches with Applications, MIT Press, Cambridge.

[36] Land́en, C., 2000, “Bond Pricing in a Hidden Markov Model of the Short Rate,”Finance and Stochastics, 4,
371-389.

[37] Liptser, R., and A. N. Shiryaev, 1977,Statistics of Random Processes I, Springer Verlag, New York.

[38] Mishkin, F., 1981, “The Real Rate of Interest: An Empirical Investigation,”Carnegie-Rochester Conference
Series on Public Policy, 15, 151-200.

[39] Mishkin, F., 1990, “What does the Term Structure Tell Us About Future Inflation,”Journal of Monetary
Economics, 25, 1, 77-95.

[40] Mishkin, F., 1991, “The Information in the Longer Maturity Term Structure about Future Inflation,”Quarterly
Journal of Economics, 105, 3, 815-828.

[41] Mishkin, F. S., 1992, “Is the Fisher Effect for Real?”Journal of Monetary Economics, 30, 195-215.

[42] Naik, V., and M. Lee, 1994, “The Yield Curve and Bond Option Prices with Discrete Shifts in Economic
Regimes,” working paper, University of British Columbia.

[43] Pennacchi, G., 1991, “Identifying the Dynamics of real Interest Rates and Inflation: Evidence using Survey
Data,”Review of Financial Studies, 1, 53-86.

[44] Remolona, E. M., M. R. Wickens and F. F. Gong, 1998, “What was the Market’s View of U.K. Monetary
Policy? Estimating Inflation Risk and Expected Inflation with Indexed Bonds,” Federal Reserve Bank of New
York, Staff Reports 57.

[45] Risa, S., 2001, ”Nominal and Inflation Indexed Yields: Separating Expected Inflation and Inflation Risk
Premia,” unpublished dissertation, Columbia University.

[46] Rose, A., 1988, “Is the Real Interest Rate Stable?”Journal of Finance, 43, 1095-1112.

[47] Sola, M., and J. Driffill, 1994, “Testing the Term Structure of Interest Rates Using a Vector Autoregression
with Regime Switching,”Journal of Economic Dynamics and Control, 18, 601-628.

[48] Stanton, R., 1997, “A Nonparametric Model of Term Structure Dynamics and the Market Price of Interest
Rate Risk”,Journal of Finance, 52, 5, 1973-2002.

36



[49] Stock, J. H., and M. Watson, 2003, “Forecasting Output and Inflation: The Role of Asset Prices,” working
paper, Princeton University.

[50] Sun, T., 1992, “Real and Nominal Interest-Rates - A Discrete-Time Model and its Continuous-Time Limit,”
Review of Financial Studies, 5, 4, 581-611.

[51] Timmermann, A., 2000, “Moments of Markov Switching Models,”Journal of Econometrics, 96, 1, 75-111.

[52] Veronesi, P., and F. Yared, 1999, ”Short and Long Horizon Term and Inflation Risk Premia in the US Term
Structure: Evidence from an Integrated Model for Nominal and Real Bond Prices under Regime Shifts,”
CRSP working paper 508.

37



Table 1: Residual Tests

Panel A: 1 Lag Tests

I II III IV V VI
1-qtr yield 0.30 0.72 0.35 0.06 0.99 0.52

0.26 0.15 0.07 0.09 0.09 0.78
5-year spread 0.20 0.31 0.05* 0.60 0.83 0.75

0.21 0.28 0.14 0.09 0.13 0.20
Inflation 0.00** 0.21 0.02* 0.21 0.01* 0.01*

0.14 0.19 0.55 0.32 0.90 1.00

Panel B: 2 Lag Tests

I II III IV V VI
1-qtr yield 0.58 0.92 0.32 0.14 0.92 0.79

0.03* 0.12 0.11 0.22 0.08 0.45
5-year spread 0.44 0.55 0.09 0.83 0.95 0.81

0.45 0.42 0.16 0.23 0.06 0.28
Inflation 0.00** 0.33 0.01* 0.26 0.02 0.02

0.34 0.29 0.85 0.60 0.42 0.62

The table reports p-values of residual tests. The first entry reports the p-value of a GMM-based test of
E(εtεt−j) = 0 and the second row reports the p-value of a GMM-based test ofE[(ε2t − 1)(ε2t−j − 1)] = 0
for j = 1 or 2 lags in Panels A and B, respectively. P-values less than 0.05 (0.01) are denoted by * (**).
Models I and II are the single-regime equivalents of the inflation and expected inflation models in Sections
3.1 and 3.4, respectively. Model III denotes the benchmark RS model with two regimes. Model IV denotes
the benchmark RS model with separate and independent regimes for real rates and inflation. The results of the
inflation model allowing for correlated real rates and inflation regimes (Case I and II) are almost identical to
Model IV and so are omitted. Model V denotes the RS expected inflation model with two regimes. Model VI
denotes the RS expected inflation model with separate and independent regimes for real rates and inflation.
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Table 2: Implied Moments of Spreads and Inflations

Panel A: χ2 Tests (p-values)

Models
I II III IV V VI

mean/var spread and long rate 0.427 0.000** 0.003** 0.483 0.000** 0.000**
mean/var inflation 0.000** 0.530 0.539 0.708 0.763 0.213
1,5,10 autocorrelations spread 0.214 0.246 0.237 0.424 0.188 0.002**
1,5,10 autocorrelations inflation 0.033* 0.000** 0.034* 0.093 0.000** 0.010*

Panel B: Model-Implied and Sample Moments

Models Data
I II III IV V VI Moment SE

stdevy1
t 3.15 3.10 2.93 3.10 3.32 4.36 2.86 0.15

meany20
t 6.46 6.44 6.25 6.46 5.80 5.80 6.39 0.20

stdevy20
t 2.60 2.44 2.28 2.66 2.68 3.27 2.74 0.14

meany20
t − y1

t 1.00 0.31 0.78 1.00 0.34 0.34 0.93 0.07
stdevy20

t − y1
t 1.27 1.44 1.52 1.09 1.55 2.12 1.03 0.05

meanπt 3.68 4.27 3.74 4.03 4.21 4.04 3.88 0.23
stdevπt 4.87 3.62 3.38 3.47 3.37 3.71 3.19 0.16
Spread Autocorrelations ρ(1) 0.81 0.78 0.82 0.78 0.80 0.89 0.73 0.05

ρ(5) 0.37 0.39 0.34 0.29 0.39 0.47 0.32 0.12
ρ(10) 0.15 0.18 0.13 0.08 0.18 0.21 -0.04 0.12

Inflation Autocorrelations ρ(1) 0.90 0.46 0.73 0.78 0.50 0.59 0.77 0.06
ρ(5) 0.58 0.26 0.31 0.45 0.29 0.36 0.59 0.10
ρ(10) 0.35 0.18 0.18 0.33 0.19 0.23 0.36 0.09

Panel A reports p-values of goodness-of-fitχ2 tests (equation (21)) for various moments implied by different
models. The long rate refers to the 20-quarter nominal ratey20

t and the spread refers toy20
t − y5

t . For each
line, the moments specified in the first column are used in theH point-statistic. Panel B reports moments of
5-year spreads and inflationπt implied by various models, compared with the sample estimates in data and
standard errors in the last two columns, computed using GMM with 4 Newey-West (1987) lags. We denote
the ith correlation asρ(i) at a quarterly frequency. Means and standard deviations are in percent. See Table
1 for a listing of the models I through VI.
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Table 3: Factor Behavior

Correlation with Contribution
Short to Real Rate

Inflation Rate Spread Stdev Auto Variance

q 0.592 0.895 -0.119 1.776 0.976 0.469
(0.124) (0.062) (0.052) (0.623) (0.015) (0.348)

f 0.246 0.443 -0.984 0.716 0.751 0.072
(0.077) (0.123) (0.012) (0.205) (0.014) (0.095)

π 1.000 0.676 -0.407 3.470 0.777 0.459
– (0.088) (0.063) (0.431) (0.056) (0.356)

The table reports various unconditional moments of the three factors: the time-varying price of risk factorqt,
the regime-switching factorft and inflationπt, from the benchmark model with independent regimes in real
rates and inflation (Model IV). The short rate refers to the 1-quarter nominal yield and the spread refers to the
20-quarter nominal term spread. The numbers between parentheses are standard errors reflecting parameter
uncertainty from the estimation, computed using the delta-method. In the last row, the correlation between
inflation and the short rate (spread) is 0.697 (-0.365) in the data. The variance decomposition of the real rate
is computed as cov(rt, zt)/var(rt), with zt respectivelyqt, ft andδππt.

Table 4: Selected Regime-Switching Parameters

P-value
Regime 1 Regime 2 Test of Equality

Panel A: Model III

µf (st)× 100 -0.016 0.096 0.094
(0.015) (0.088)

σf (st)× 100 0.077 0.258 0.000
(0.020) (0.099)

µπ(st)× 100 0.453 0.199 0.001
(0.078) (0.120)

σπ(st)× 100 0.400 0.973 0.025
(0.018) (0.381)

λf -0.482 -0.005 0.046
(0.104) (0.353)

Panel B: Model IV

µf (sr
t )× 100 -0.006 0.039 0.095

(0.004) (0.023)
σf (sr

t )× 100 0.078 0.246 0.000
(0.020) (0.020)

µπ(sπ
t )× 100 0.435 0.219 0.001

(0.079) (0.095)
σπ(sπ

t )× 100 0.479 0.471 0.883
(0.027) (0.052)

λf -0.523 0.335 0.230
(0.100) (0.157)

We report selected parameters from the benchmark model with two regimes (Panel A, Model III) and
independent real rate and inflation regimes (Panel B, Model IV). All parameters are unscaled and not
annualized. The p-values relate to Waldχ2 tests of parameter equality across regimes.
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Table 5: Real Rates, Expected Inflation, Nominal Rates Across Regimes

Regime
st = 1 st = 2 st = 3 st = 4

Real Short Rates Mean 1.31 2.20 1.50 2.39
(0.43) (0.53) (0.40) (0.50)

Std Dev 1.54 1.53 1.82 1.81
(0.23) (0.27) (0.28) (1.03)

1-Qtr Expected Inflation Mean 4.16 2.48 4.62 2.94
(0.42) (0.65) (0.48) (0.71)

Std Dev 2.78 2.78 3.17 3.17
(0.52) (0.52) (0.54) (0.54)

Nominal Short rate Mean 5.47 4.68 6.12 5.32
(0.06) (0.24) (0.26) (0.35)

Std Dev 2.99 2.99 3.72 3.72
(0.80) (0.80) (0.69) (0.69)

We report means and standard deviations for real short rates, 1-quarter expected inflation and nominal short
rates implied by the benchmark model with independent real rate and inflation regimes (Model IV), across
each of the four regimes. The regimest = 1 corresponds to(sr

t = 1, sπ
t = 1), st = 2 to (sr

t = 1, sπ
t = 2),

st = 3 to (sr
t = 2, sπ

t = 1) andst = 4 to (sr
t = 2, sπ

t = 2). Standard errors reported in parentheses are
computed using the delta-method.

Table 6: Characteristics of Real Rates

Unconditional Moments Real Rate Betas

Maturity Auto- Realized Expected Unexpected
Qtrs Mean Stdev correlation Inflation Inflation Inflation

1 1.441 1.600 0.614 -0.182 -0.067 -0.488
(0.423) (0.233) (0.079) (0.135) (0.175) (0.059)

4 1.588 0.997 0.728 -0.066 0.007 -0.263
(0.425) (0.260) (0.130) (0.115) (0.157) (0.053)

12 1.522 0.670 0.893 0.029 0.082 -0.182
(0.424) (0.340) (0.097) (0.092) (0.130) (0.135)

20 1.457 0.605 0.936 -0.067 -0.488 -0.066
(0.434) (0.363) (0.060) (0.175) (0.059) (0.115)

The table reports various moments of the real rate, implied from the benchmark model IV with independent
real rate and inflation regimes We report the unconditional mean, standard deviation and autocorrelation
of real yields of various maturity in quarters, and univariate betas of the real rate, with respect to realized
inflation, expected inflation and unexpected inflation. Standard errors reported in parenthesis are computed
using the delta-method.
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Table 7: Moments of Expected Inflation

Mean Standard Deviation

Real Rate Regimes Inflation Regimes Uncondi- Real Rate Regimes Inflation Regimes Uncondi-
Qtrs sr

t = 1 sr
t = 2 sπ

t = 1 sπ
t = 2 tional sr

t = 1 sr
t = 2 sπ

t = 1 sπ
t = 2 tional

Expected Inflation

1 3.962 4.419 4.220 2.538 4.021 2.834 3.220 2.839 2.838 3.104
(0.418) (0.492) (0.421) (0.423) (0.738) (0.505) (0.527) (0.509) (0.514) (0.766)

4 4.170 4.957 4.486 2.666 4.271 2.510 2.945 2.517 2.507 2.929
(0.393) (0.497) (0.391) (0.611) (0.396) (0.538) (0.553) (0.543) (0.546) (0.799)

12 4.708 5.425 4.985 3.419 4.800 2.243 2.438 2.226 2.215 2.746
(0.390) (0.474) (0.392) (0.495) (0.392) (0.567) (0.538) (0.575) (0.579) (0.818)

20 4.938 5.421 5.134 4.001 5.000 2.134 2.221 2.121 2.116 2.665
(0.413) (0.467) (0.418) (0.443) (0.414) (0.573) (0.553) (0.580) (0.581) (0.808)

The table reports means and standard deviations of expected inflation, conditional on the inflation regime
variable (sπ

t ), implied from the benchmark model IV with independent real rate and inflation regimes.
Moments computed conditional on the real regime variablesr

t (inflation regimesπ
t ) integrate out the effect of

sπ
t (sr

t ). Standard errors reported in parentheses are computed using the delta-method.

Table 8: Conditional Moments Across Business Cycles

Maturity Mean Std Dev
(Qtrs) Expansion Recession Expansion Recession

Real Rates 1 1.640 1.247 1.319 2.333
(0.202) (0.197) (0.046) (0.084)

20 1.469 1.592 0.710 0.948
(0.414) (0.392) (0.212) (0.285)

Real Spreads 20 -0.170 0.345 0.952 1.647
(0.279) (0.294) (0.066) (0.153)

Nominal Rates 1 5.303 6.294 2.466 4.147
(0.049) (0.106) (0.220) (0.370)

20 6.262 7.119 2.421 3.831
(0.198) (0.212) (0.235) (0.349)

Nominal Spreads 20 0.960 0.826 1.004 1.139
(0.191) (0.193) (0.258) (0.263)

Expected Inflation 1 3.663 5.047 2.264 3.697
(0.177) (0.155) (0.153) (0.254)

20 4.793 5.527 1.809 3.016
(0.394) (0.388) (0.386) (0.581)

Expected Inflation 20 1.130 0.481 1.362 2.186
Spreads (0.310) (0.308) (0.103) (0.136)

Regimest 1.503 1.914 0.875 1.095

The table reports various sample moments of real rates, nominal rates and expected inflation conditional on
expansions and recessions, as defined by the NBER. Standard errors reported in parentheses are computed
using the delta-method on sample moments. The last line reports the average regime value across expansions
and recessions, where the regime classification uses smoothedPr(st = i|IT ) probabilities.
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Table 9: Variance Decomposition of Nominal Yields

Panel A: Unconditional

Maturity n ŷn
t πe

t,n

1 0.225 0.775
(0.036) (0.036)

20 0.247 0.753
(0.100) (0.100)

Panel B: Conditional on Regime

Regime 1 Regime 2 Regime 3 Regime 4
Maturity n ŷn

t πe
t,n ŷn

t πe
t,n ŷn

t πe
t,n ŷn

t πe
t,n

1 0.092 0.908 0.440 0.560 0.182 0.818 0.163 0.837
(0.052) (0.052) (0.035) (0.035) (0.050) (0.050) (0.089) (0.089)

20 0.218 0.782 0.252 0.748 0.244 0.756 0.277 0.723
(0.101) (0.101) (0.101) (0.101) (0.100) (0.100) (0.109) (0.109)

The table reports variance decompositions of the nominal yieldτryld and τπe
t,n

, defined in equation (18),
through the sample. We denote the real yield for maturityn as ŷn

t and expected inflation for maturityn
asπe

t,n. The regimest = 1 corresponds to(sr
t = 1, sπ

t = 1), st = 2 to (sr
t = 1, sπ

t = 2), st = 3 to
(sr

t = 2, sπ
t = 1) andst = 4 to (sr

t = 2, sπ
t = 2). Standard errors reported in parentheses are computed

using the delta-method on sample moments.
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Table 10: Real Rates and Expected Inflation: Comparisons with Other Models

Panel A: Real Rates

1-qtr Real Rate 20-qtr Real Rate
Models Mean Err Min Err Max Err RMSE Mean Err Min Err Max Err RMSE
I 0.059 -1.959 1.247 0.479 -0.518 -2.913 0.375 0.755
II 0.015 -3.343 6.043 1.451 -0.400 -1.720 1.421 0.672
III 0.125 -0.488 0.830 0.272 0.289 -0.471 1.143 0.381
IVa -0.000 -0.047 0.026 0.009 -0.007 -0.136 0.042 0.014
IVb 0.001 -0.352 0.389 0.070 -0.049 -0.438 0.335 0.092
V -0.100 -4.169 3.890 1.214 -0.099 -1.731 2.146 0.696
VI -0.002 -4.577 4.032 1.247 0.003 -1.729 2.163 0.703

Panel B: Expected Inflation

1-qtr Expected Inflation 20-qtr Expected Inflation
Models Mean Err Min Err Max Err RMSE Mean Err Min Err Max Err RMSE
I -0.059 -1.246 1.959 0.479 0.518 -0.375 2.913 0.755
II -0.015 -6.043 3.343 1.451 0.400 -1.421 1.720 0.672
III -0.125 -0.830 0.488 0.272 -0.289 -1.143 0.471 0.381
IVa 0.000 -0.026 0.047 0.009 0.007 -0.042 0.136 0.014
IVb -0.001 -0.389 0.352 0.070 0.049 -0.335 0.438 0.092
V 0.100 -3.890 4.169 1.214 0.099 -2.146 1.731 0.696
VI -0.035 -8.282 4.577 1.379 -0.040 -5.989 1.729 0.821

We report real rates (Panel A) and expected inflation rates (Panel B) produced by other models as compared
to Model IV, the benchmark model with independent real rate and inflation regimes. The columns denoted
‘Mean Err’, ‘Min Err’ and ‘Max Err’ compare the extracted real rate or expected inflation series with the
real rates or expected inflation from Model IV over the whole sample. We list the RMSE of the errors in
the column denoted ‘RMSE’. Models I and II are the single-regime equivalents of the inflation and expected
inflation models in Sections 3.1 and 3.4, respectively. Model III denotes the benchmark model with two
regimes. The results of the benchmark model allowing for correlated real rates and inflation regimes (Cases
A and B in Section 3.3) are denoted as IVa and IVb, respectively. Model V denotes the RS expected inflation
model with two regimes. Model VI denotes the RS expected inflation model with separate and independent
regimes for real rates and inflation.
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Figure 1: The Inflation Autocorrelogram
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The figure shows the autocorrelogram of inflation implied by various models and the autocorrelogram of inflation
from data (squares) with two standard error bars presented in solid vertical lines. Models I and II are the single-regime
equivalents of the inflation and expected inflation models in Sections 3.1 and 3.4, respectively. Model III denotes
the benchmark RS model with two regimes. Model IV denotes the benchmark model with separate and independent
regimes for real rates and inflation. The results of the benchmark model allowing for correlated real rates and inflation
regimes (Cases A and B) are almost identical to Model IV and so are omitted. Model V denotes the RS expected
inflation model with two regimes. Model VI denotes the RS expected inflation model with separate and independent
regimes for real rates and inflation.
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Figure 2: Smoothed Regime Probabilities: Benchmark Model III
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The bottom graph shows the smoothed probabilities of the second regime,Pr(st = 2|IT ), of the benchmark
model using information over the whole sample, along with short (1-quarter), long (20-quarter) yields and
inflation shown in the top panel. NBER recessions are indicated by shaded bars.
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Figure 3: Smoothed Regime Probabilities: Independent Real Rate and Inflation Regimes
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The figure displays smoothed probabilities, using information over the whole sample, from the benchmark
model with separate and independent real rate and inflation regimes (Model IV). The top panel shows the
smoothed probabilities of the second real rate regime,Pr(sr

t = 2|IT ), along with short (1-quarter) and long
(20-quarter) yields. In the bottom panel, the smoothed probabilities of the first inflation regimePr(sπ

t =
1|IT ) are shown, together with realized quarterly inflation. NBER recessions are indicated by shaded bars.
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Figure 4: Real Term Structure

Two-Regime Benchmark Model III
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The figure graphs the real yield curve, conditional on each regime and the unconditional real yield curve.
The top panel displays the benchmark model with two regimes (Model III) and the bottom panel displays the
benchmark model with separate and independent real rate and inflation regimes (Model IV). For Model IV,
the regimest = 1 corresponds to(sr

t = 1, sπ
t = 1), st = 2 to (sr

t = 1, sπ
t = 2), st = 3 to (sr

t = 2, sπ
t = 1)

andst = 4 to (sr
t = 2, sπ

t = 2). Thex-axis displays maturities in quarters of a year.
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Figure 5: Time-Series of Real versus Nominal Yields
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The figure graphs the time-series of real and nominal 1-quarter yields (top panel) and real and nominal 20-
quarter yields (bottom panel) from the benchmark model with independent real rate and inflation regimes
(Model IV). NBER recessions are indicated by shaded bars.
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Figure 6: Actual versus Expected Inflation
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In the top panel, we plot actual versus 1-quarter ahead expected inflation implied by the benchmark model IV
with independent real rate and inflation regimes. The bottom plot graphs forecast errors. NBER recessions
are marked by shaded bars.
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Figure 7: Nominal Term Structure

Two-Regime Benchmark Model III
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The figure graphs the nominal yield curve, conditional on each regime and the unconditional nominal yield
curve. The top panel displays the benchmark model with two regimes (Model III) and the bottom panel
displays the benchmark model with separate and independent real rate and inflation regimes (Model IV). For
Model IV, the regimest = 1 corresponds to(sr

t = 1, sπ
t = 1), st = 2 to (sr

t = 1, sπ
t = 2), st = 3 to

(sr
t = 2, sπ

t = 1) andst = 4 to (sr
t = 2, sπ

t = 2). Thex-axis displays maturities in quarters of a year.
Average yields from data are represented by ’x’, with 95% confidence intervals represented by vertical bars.
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Appendix Tables

Table A-1: Single Regime Models

Inflation Model I Expected Inflation Model II

q f π q f w π
µ′ × 100 0.000 0.000 0.158 0.000 0.000 0.656 0.000

(0.045) (0.078)

q f π q f w π
Φ q 0.962 0.000 0.000 q 0.973 0.000 0.000 0.000

(0.017) (0.012)
f 0.000 0.669 0.000 f 0.000 0.849 0.000 0.000

(0.032) (0.012)
π 0.262 1.381 0.828 w 0.459 0.967 0.427 -0.042

(0.066) (0.655) (0.019) (0.095) (0.124) (0.078) (0.048)
π 0.000 0.000 1.000 0.000

q f π q f w π
σ × 100 0.116 0.095 0.493 0.110 0.163 0.347 0.582

(0.011) (0.027) (0.026) (0.007) (0.011) (0.025) (0.033)

δ0 0.010 0.009
(0.001) (0.001)

q f π q f w π
δ′1 1.000 1.000 -0.607 1.000 1.000 -0.507 -0.078

(0.028) (0.023)

q f π q f w π
λ′ -0.314 0.000 0.000 -0.450 0.000

(0.000) (0.115)
γ1 -26.8 -24.1

(15.1) (11.3)

Std Dev×100 of Measurement Errors
y4

t 0.079 -
(0.005)

y12
t 0.039 0.028

(0.002) (0.001)

The left (right)-hand columns report parameter estimates for the single-regime equivalents of the Inflation
and Expected Inflation Models, outlined in Sections 3.1 and 3.4, respectively.
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Table A-2: Benchmark Model III
Regime 1 Regime 2

q f π q f π
µ(st)′ × 100 0.000 -0.016 0.453 0.000 0.096 0.199

(0.015) (0.078) (0.088) (0.120)

q f π
Φ q 0.962 0.000 0.000

(0.020)
f 0.000 0.784 0.000

(0.010)
π 0.459 1.034 0.555

(0.143) (0.522) (0.061)

q f π q f π
σ(st)× 100 0.100 0.077 0.400 0.100 0.258 0.973

(0.011) (0.020) (0.018) (0.011) (0.099) (0.381)

δ0 0.009
(0.001)

q f π
δ′1 1.000 1.000 -0.516

(0.059)

q f π q f π
λ(st)′ -0.482 0.000 -0.005 0.000

(0.104) (0.353)

γ1 -42.2
(21.2)

st = 1 st = 2
Π st = 1 0.979 0.021

(0.006) (0.006)
st = 2 0.121 0.879

(0.032) (0.032)

Std Dev×100 of Measurement Errors
y4

t 0.076
(0.005)

y12
t 0.039

(0.003)

The table reports estimates of the Benchmark Regime-Switching Inflation Model, where real rates and
inflations have the same regimes. The stable probabilities of regime 1 and 2 are 0.853 and 0.146, respectively.
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Table A-3: Benchmark Model with Independent Real Rate and Inflation Regimes IV

Regime 1 Regime 2

µf (sr
t )× 100 -0.006 0.039

(0.004) (0.023)
µπ(sπ

t )× 100 0.435 0.219
(0.079) (0.095)

q f π
Φ q 0.964 0.000 0.000

(0.015)
f 0.000 0.759 0.000

(0.012)
π 0.499 0.851 0.593

(0.135) (0.479) (0.058)

σq × 100 0.096
(0.010)

σf (sr
t )× 100 0.078 0.246

(0.020) (0.020)
σπ(sπ

t )× 100 0.479 0.471
(0.027) (0.052)

δ0 0.009
(0.001)

q f π
δ′1 1.000 1.000 -0.536

(0.052)

λf (st) -0.523 0.335
(0.100) (0.157)

γ1 -19.0
(16.2)

st = 1 st = 2 st = 3 st = 4
Π st = 1 0.930 0.022 0.047 0.001

(0.019) (0.008) (0.015) (0.001)
st = 2 0.162 0.790 0.008 0.040

(0.038) (0.037) (0.003) (0.013)
st = 3 0.319 0.007 0.659 0.015

(0.072) (0.003) (0.070) (0.006)
st = 4 0.056 0.271 0.115 0.559

(0.019) (0.061) (0.028) (0.068)

Std Dev×100 of Measurement Errors
y4

t 0.053
(0.003)

y12
t 0.026

(0.001)

The table reports estimates of the Regime-Switching Inflation Model with independent regimes in real rates
and inflation. The regimest = 1 corresponds to(sr

t = 1, sπ
t = 1), st = 2 to (sr

t = 1, sπ
t = 2), st = 3 to

(sr
t = 2, sπ

t = 1) andst = 4 to (sr
t = 2, sπ

t = 2). The stable probabilities of regime 1 to 4 are 0.769, 0.103,
0.113 and 0.015.
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Table A-4: Testing Independent versus Correlated Real Rate and Inflation Regimes

Panel A: Transition Probabilities from Independent Real Rate and Inflation Regimes (Model IV)

st+1 = 1 st+1 = 2 st+1 = 3 st+1 = 4
st = 1 0.930 0.022 0.047 0.001

(0.019) (0.008) (0.015) (0.001)
st = 2 0.162 0.790 0.008 0.040

(0.038) (0.037) (0.003) (0.013)
st = 3 0.319 0.007 0.659 0.015

(0.072) (0.003) (0.070) (0.006)
st = 4 0.056 0.271 0.115 0.559

(0.019) (0.061) (0.028) (0.068)

Panel B: Transition Probabilities from Correlated Real Rate and Inflation Regimes Case A

st+1 = 1 st+1 = 2 st+1 = 3 st+1 = 4
st = 1 0.927 0.023 0.050 0.000

(0.021) (0.008) (0.017) (0.003)
st = 2 0.166 0.825 0.009 0.000

(0.039) (0.107) (0.004) (0.118)
st = 3 0.342 0.004 0.635 0.019

(0.077) (0.005) (0.075) (0.007)
st = 4 0.061 0.145 0.114 0.679

(0.021) (0.152) (0.028) (0.158)

Panel C: Transition Probabilities from Correlated Real Rate and Inflation Regimes Case B

st+1 = 1 st+1 = 2 st+1 = 3 st+1 = 4
st = 1 0.946 0.017 0.032 0.005

(0.018) (0.009) (0.013) (0.003)
st = 2 0.180 0.782 0.008 0.028

(0.043) (0.041) (0.005) (0.011)
st = 3 0.252 0.005 0.640 0.103

(0.081) (0.003) (0.069) (0.043)
st = 4 0.048 0.208 0.167 0.577

(0.020) (0.067) (0.067) (0.101)

Likelihood ratio test for independent versus Case A p-value = 0.251
Likelihood ratio test for independent versus Case B p-value = 0.125

The table reports parameter estimates of the transition probability matrix of the Benchmark Model with
independent real rate and inflation regimes (Model IV) in Panel A (equation (A-1)) and correlated real rate
and inflation regimes Case A (Panel B) using the formulation (A-2). In Panel C, we report the correlated
real rate and inflation regimes Case B using the formulation (A-3). The regimest = 1 corresponds to
(sr

t = 1, sπ
t = 1), st = 2 to (sr

t = 1, sπ
t = 2), st = 3 to (sr

t = 2, sπ
t = 1) andst = 4 to (sr

t = 2, sπ
t = 2).

Standard errors reported in parenthesis are computed using the delta-method.
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Table A-5: Regime-Switching Expected Inflation Model V

Regime 1 Regime 2

q f w π q f w π
µ(st)′ × 100 0.000 0.001 0.554 0.000 0.000 -0.009 1.252 0.000

(0.005) (0.055) (0.031) (0.174)

q f w π
Φ q 0.975 0.000 0.000 0.000

(0.012)
f 0.000 0.856 0.000 0.000

(0.012)
w 0.400 0.901 0.469 -0.084

(0.066) (0.127) (0.059) (0.023)
π 0.000 0.000 1.000 0.000

q f w π q f w π
σ(st)× 100 0.102 0.092 0.139 0.541 0.102 0.270 0.593 0.541

(0.007) (0.008) (0.014) (0.030) (0.007) (0.032) (0.110) (0.029)

δ0 0.007
(0.001)

q f w π
δ′1 1.000 1.000 -0.329 -0.070

(0.063) (0.018)

q f w π q f w π
λ(st)′ 0.000 -0.785 0.000 0.000 -0.257 0.000

(0.115) (0.283)

γ1 -24.1
(12.1)

st = 1 st = 2
Π st = 1 0.984 0.016

(0.011) (0.011)
st = 2 0.105 0.895

(0.074) (0.074)

Std Dev×100 of Measurement Errors
y4

t 0.029
(0.001)

The table reports estimates of the Regime-Switching Expected Inflation Model, where real rates and inflations
have the same regimes. The stable probabilities of regime 1 and 2 are 0.868 and 0.132, respectively.
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Table A-6: Expected Inflation Model with Independent Real Rate and Inflation Regimes VI

Regime 1 Regime 2

µf (sr
t )× 100 -0.021 0.056

(0.005) (0.017)
µπ(sπ

t )× 100 0.594 1.350
(0.051) (0.175)

q f w π
Φ q 0.983 0.000 0.000 0.000

(0.015)
f 0.000 0.858 0.000 0.000

(0.011)
w 0.396 0.794 0.463 -0.103

(0.072) (0.112) (0.047) (0.024)
π 0.000 0.000 1.000 0.000

σq × 100 0.102
(0.008)

σπ × 100 0.535
(0.029)

σf (sr
t )× 100 0.107 0.395

(0.008) (0.059)
σw(sπ

t )× 100 0.139 0.611
(0.014) (0.103)

δ0 0.008
(0.001)

q f w π
δ′1 1.000 1.000 -0.353 -0.086

(0.067) (0.017)

λf (st) -0.983 -0.364
(0.132) (0.278)

γ1 -19.0
(14.5)

st+1 = 1 st+1 = 2 st+1 = 3 st+1 = 4
Π st = 1 0.940 0.016 0.044 0.001

(0.018) (0.011) (0.013) (0.001)
st = 2 0.204 0.751 0.010 0.035

(0.029) (0.032) (0.003) (0.010)
st = 3 0.118 0.002 0.866 0.015

(0.036) (0.001) (0.034) (0.010)
st = 4 0.026 0.094 0.188 0.692

(0.009) (0.028) (0.026) (0.043)

Std Dev×100 of Measurement Errors
y12

t 0.024
(0.001)

The table reports estimates of the Regime-Switching Expected Inflation Model with independent regimes in
real rates and inflation. The regimest = 1 corresponds to(sr

t = 1, sπ
t = 1), st = 2 to (sr

t = 1, sπ
t = 2),

st = 3 to (sr
t = 2, sπ

t = 1) andst = 4 to (sr
t = 2, sπ

t = 2). The stable probabilities of regime 1 to 4 are
0.676, 0.052, 0.252 and 0.019.
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